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ON RELATIVE AND OVERCONVERGENT DE RHAM-WITT
COHOMOLOGY FOR LOG SCHEMES
HIRONORI MATSUUE
Abstract. We construct the relative log de Rham-Witt complex. This is a
generalization of the relative de Rham-Witt complex of Langer-Zink to log
schemes. We prove the comparison theorem between the hypercohomology of
the log de Rham-Witt complex and the relative log crystalline cohomology in
certain cases. We construct the p-adic weight spectral sequence for relative
proper strict semistable log schemes. When the base log scheme is a log point,
We show it degenerates at E2 after tensoring with the fraction field of the
Witt ring. We also extend the definition of the overconvergent de Rham-Witt
complex of Davis-Langer-Zink to log schemes (X,D) associated with smooth
schemes with simple normal crossing divisor over a perfect field. Finally, we
compare its hypercohomology with the rigid cohomology of X \D.
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1. Introduction
The de Rham-Witt complex {WmΩ•X}m∈N was defined by Illusie [Ill79] for a
scheme X of characteristic p > 0. He defined it as the initial object of V -pro-
complexes. When X is smooth over a perfect scheme, the hypercohomology of
the de Rham-Witt complex computes the crystalline cohomology. Also, Illusie and
Raynaud [IR83] remarked that one can define the de Rham-Witt complex by using
the crystalline cohomology sheaf in the process of definition.
Langer and Zink [LZ04] extended Illusie’s definition to relative situations. Let S
be a Z(p)-scheme such that p is nilpotent in S. They defined the log de Rham-Witt
complex {WmΩ•X/S}m∈N for a scheme X over S. Their definition is close to that
of Illusie: In fact, they defined it as the initial object of F -V -pro-complexes. The
hypercohomology of Langer and Zink’s de Rham-Witt complex also computes the
crystalline cohomology in smooth cases.
Olsson [Ols07] extended Langer-Zink’s definition to the case of algebraic stacks.
He also gave another possible definition of the de Rham-Witt complex via the
crystalline cohomology sheaf and compared two definitions, but it seems that they
do not always coincide.
It is natural to extend the definition of the de Rham-Witt complex to the case
of log schemes in the sense of Fontaine-Illusie-Kato ([Kat89]), which is our main
interest. Hyodo and Kato [HK94] defined the log de Rham-Witt complex for a
log smooth log scheme of Cartier type over a perfect field of characteristic p > 0
by using the log crystalline cohomology sheaf. They also proved the comparison
theorem to the log crystalline cohomology.
Nakkajima [Nak05] introduced a theory of formal de Rham-Witt complexes as
a kind of axiomatization of Hyodo-Kato’s construction. It also covers the cohomo-
logical construction of the de Rham-Witt complex for smooth schemes with simple
normal crossing divisor over a perfect field of characteristic p > 0.
In this paper, we construct the log de Rham-Witt complex for a fine log scheme
X over a fine log scheme S over Z(p). We follow the definition of Langer-Zink,
and construct the log de Rham-Witt complex as the initial object of log F -V -pro-
complexes. Note that we cannot apply the methods of Hyodo, Kato and Nakkajima
directly to our log de Rham-Witt complex because their methods seem to be appli-
cable only to the case of perfect base log schemes and because the definition using
the log crystalline cohomology sheaf seems not to be good in the case of non-perfect
base log schemes. We prove the comparison theorem between the hypercohomology
of the log de Rham-Witt complex and the relative log crystalline cohomology in
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case of relative semistable log schemes and that of log schemes associated to smooth
schemes with normal crossing divisor.
Mokrane [Mok93] used the de Rham-Witt complex of Hyodo-Kato to construct
the (p-adic) weight spectral sequence for the crystalline cohomology of strictly
semistable log schemes. He proved its E2-degeneration modulo torsion when the
base scheme is the spectrum of a finite field. Nakkajima [Nak05] extended his result
to the case where the base scheme is the spectrum of any perfect field by using the
specialization argument of Illusie-Deligne ([Ill75]). In this paper, we construct the
p-adic weight spectral sequence for the relative crystalline cohomology of a relative
strictly semistable log schemes and prove its E2-degeneration modulo torsion when
the base scheme is the spectrum of a (not necessarily perfect) field.
Since our definition of the log de Rham-Witt complex follows that of Langer-
Zink and differs from that of Hyodo-Kato, the proof of our results is similar to
that of Langer-Zink and differs from that of Hyodo-Kato and Mokrane. The key
ingredient is to find certain explicit basis of the log de Rham-Witt complex called
the log basic Witt differentials in explicit cases, which are generalizations of the
basic Witt differentials of Langer-Zink.
We also introduce the notion of the overconvergent log de Rham-Witt com-
plex. Davis, Langer and Zink [DLZ11] introduced the notion of the overconvergent
de Rham-Witt complex for smooth schemes over a perfect field of characteristic
p > 0. They proved the comparison theorem between its hypercohomology and the
Monsky-Washnitzer cohomology in the affine case. They also proved that its hyper-
cohomology calculates the rigid cohomology in the case of smooth quasi-projective
varieties using Große-Klo¨nne’s theory of dagger spaces [GK00]. We first treat the
case of smooth affine varieties with simple normal crossing divisor over a perfect
field of characteristic p > 0 such that they admit global coordinates and divisors are
defined by the coordinates. We define the overconvergent log de Rham-Witt com-
plex in this case and prove the comparison theorem between its hypercohomology
and the log Monsky-Washnitzer cohomology of Tsuzuki [Tsu99]. More generally,
we can extend the definition of the overconvergent log de Rham-Witt complex to
arbitrary log schemes obtained by smooth schemes with simple normal crossing di-
visor. By combining the result of local cases with a result in [Tsu99], we can prove
the comparison theorem with rigid cohomology.
The content of each section is as follows: In §2, we fix notations which we use in
this paper and give the definition of the crystalline cohomology over non-adic base,
which we need later.
In §3, we define the log version of F -V -procomplexes and the de Rham-Witt
complex defined by Langer and Zink. We extend their fundamental results to our
log cases.
In §4, we define the log p-basic elements and the log basic Witt differentials
in specific cases. They are generalizations of the p-basic elements and the basic
Witt differentials defined in [LZ04] §2.1, 2.2. We prove that any element of the
log de Rham-Witt complex is written as a convergent sum of the log basic Witt
differentials. The notion of the basic differentials is a powerful tool for us and it
plays a role in proofs in the later sections.
In §5, we give the definition of log Witt lifts and log Frobenius lifts for log smooth
log schemes. We prove that there exists a log Frobenius lift e´tale locally.
In §6, We construct the comparison morphism between the log crystalline coho-
mology and the hypercohomology of the log de Rham-Witt complex for log smooth
log schemes using log Frobenius lifts.
In §7, we prove the comparison theorem for smooth schemes with normal crossing
divisor and semistable log schemes.
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In §8, we define the weight filtrations of the log de Rham-Witt complex and
construct the p-adic Steenbrink complex for proper semistable log schemes over
arbitrary base. The p-adic Steenbrink complex defines a spectral sequence, which
we call the p-adic weight spectral sequence. When the base scheme is the spectrum
of a (not necessarily perfect) field, we prove E2-degeneration after tensoring with
the fractional field of the Witt ring by using Nakkajima’s specialization method.
In §9, we construct the p-adic weight spectral sequence of proper smooth schemes
with simple normal crossing divisor and prove its E2-degeneration (after tensoring
with the fraction field of the Witt ring) when the base scheme is the spectrum of a
(not necessarily perfect) field.
In §10, we give the definition of the overconvergent log de Rham-Witt complex
for a log scheme (X,D) defined by a smooth scheme X with simple normal crossing
divisor D over a perfect field k of characteristic p > 0. We see that the overcon-
vergent log de Rham-Witt complex coincides with the overconvergent de Rham
Witt complex of Davis-Langer-Zink ([DLZ11]) when the log structure is trivial. We
compare the overconvergent log de Rham-Witt cohomology with the log Monsky-
Washnitzer cohomology in affine cases, and with the rigid cohomology of X \D in
general cases.
Finally, note that there exist several other variants of the de Rham-Witt complex:
When p is odd, Hesselholt and Madsen defined the absolute de Rham-Witt complex
{WmΩ•X}m∈N for any Z(p)-scheme X ([HM03], [HM04]). They also proved the exis-
tance of the absolute de Rham-Witt complex for pre-log rings ([HM03] Proposition
3.2.2). Hesselholt studied the relation with the Langer and Zink’s relative de Rham-
Witt complex using K-theoretic methods, with brief sketch also in the logarithmic
setting ([Hes05]). When p is odd and nilpotent in S and X is S-scheme, there is
a canonical surjective map {WmΩ•X}m∈N  {WmΩ•X/S}m∈N from the absolute de
Rham-Witt complex to the Langer-Zink’s relative de Rham-Witt complex. Cuntz
and Deninger defined the relative de Rham-Witt complex in arbitrary truncated
sets by a different approach so that the big and the p-isotypical theories are covered
([CD14]). It would be an interesting problem to generalize their constructions to
the case of log schemes, and compare them with our construction.
We also remark that there are other studies to construct a (p-adic) weight fil-
tration. Nakkajima and Shiho [NS08] construct a theory of weights on the log
crystalline cohomology of a family of open smooth variety. They used the log de
Rham complex of a lift to define a weight filtration. Nakkajima [Nak15] applied
their method to a proper truncated simplicial SNCL (=simple normal crossing
log) scheme having affine truncated simplicial open covering. Tsuji [Tsu10] used
filtrations of sheaves of D-modules to construct a weight spectral sequence for a
semistable log scheme over a complete discrete valuation ring. It is also an inter-
esting problem to consider their situations using our de Rham-Witt complex and
to compare with their results.
Acknowledgments. This paper is based on my master thesis in the University
of Tokyo under the guidance of my supervisor Atsushi Shiho. I would like to
express my sincere gratitude to him for the helpful discussions, reading the draft
several times and providing valuable suggestions for improvement. This work would
not have been possible without his advice. I would also like to thank Yukiyoshi
Nakkajima for sending me his preprint [Nak15].
Notations. We fix a prime number p throughout this paper. All schemes are
assumed to be defined and separated over Z(p).
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Let R be a ring. For a W (R)-module N , we write N[F ] for the W (R)-module
whose underlying set is N and its module structure is obtained by the Frobenius
map F : W (R)→W (R).
If R is an Fp-algebra and L is a sheaf of W (R)-modules equipped with an en-
domorphism φ which is F -linear (F : Frobenius map on W (R)) and r is a negative
integer, the Tate twist L(r) denotes a sheaf L with the endomorphism p−rφ.
We use the convention of Nakkajima about signs. ([Nak05], Conventions)
For a Z(p)-algebra R, the ring of Witt vectors of any length Wm(R) has a canon-
ical pd-structure on the ideal I = VWm(R) given by
γn(
V ξ) =
pn−1
n!
V (ξn), ξ ∈Wm−1(R), n ≥ 1.
We always consider this pd-structure on the ring of Witt vectors.
For a Z(p)-scheme S and an S-scheme X, {WmΩ•X/S}m∈N denotes the de Rham-
Witt complex constructed in [LZ04] §1.3.
For a complex (E•, d•) and for an integer n, (E•{n}, d•{n}) denotes the following
complex: (E•{n})q := Eq+n with the boundary morphism d•{n} := d•+n.
2. Preliminaries
2.1. Logarithmic geometry. In this paper, we use freely the terminologies con-
cerning logarithmic geometry in the sense of Fontaine-Illusie-Kato. The basic ref-
erence is [Kat89]. All log schemes are assumed to be fine and separated and defined
over Z(p). If X is a log scheme, we denote by X˚ the underlying scheme of X.
Definition 2.1. (1) A pre-log ring is a triple (A,P, α) consisting of a commutative
ring A, a commutative fine monoid P and a morphism of monoids P → A where A
is regarded as a monoid by its multiplicative structure. We usually suppress α in
the notation. We denote by {∗} the trivial monoid.
(2) If (A,P ) is a pre-log ring, Spec(A,P ) is the log scheme whose underlying
scheme is X = SpecA with the log structure associated to the pre-log structure
P → OX induced by the structure map α : P → A.
(3) We say (Y,N ) is a log scheme over a pre-log ring (A,P ) to mean that (Y,N )
comes equipped with a morphism of log schemes (Y,N )→ Spec(A,P ).
Definition 2.2. A morphism (A,P ) → (B,Q) of pre-log rings is said to be log
smooth (resp. log e´tale) if the kernel and the torsion part of the cokernel (resp. the
kernel and the cokernel) of P gp → Qgp are finite groups of orders invertible on B
and the induced morphism A⊗Z[P ] Z[Q]→ B is an e´tale ring map.
We recall the toroidal characterization of log smoothness ([Kat89] (3.5), [Kat96]
Theorem 4.1):
Theorem 2.3. Let f : (X,M) → (Y,N ) be a morphism of fine log schemes and
Q→ N a chart of N . Then the following conditions are equivalent.
(1) f is log smooth (resp. log e´tale).
(2) There exists e´tale locally a chart (P →M, Q → N , Q → P ) of f extending
Q→ N such that
(a) The kernel and the torsion part of the cokernel (resp. the kernel and the
cokernel) of Qgp → P gp are finite groups of orders invertible on X.
(b) The induced map X → Y ×SpecZ[Q] SpecZ[P ] of schemes is e´tale (in the
usual sense).
We see if (A,P )→ (B,Q) is a log smooth (resp. log e´tale) morphism of pre-log
rings, the induced map Spec(B,Q)→ Spec(A,P ) is a log smooth (resp. log e´tale)
morphism of log schemes.
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Definition 2.4. (1) Let f : X → S be a smooth morphism of schemes and D ⊂ X
a reduced Cartier divisor. Let j : U := X \D → X be the natural open immersion.
We call D a simple normal crossing divisor (SNCD) (resp. a normal crossing divisor
(NCD)) if, for any point of z of D, there exist a Zariski open neighbourhood V of
z in X (resp. an e´tale morphism V → X such that the image of V contains z) and
the following cartesian diagram of schemes
D ×X V ⊂ //

V
g

Spec(OS [T1, . . . , Tn]/(T1 · · ·Td)) // Spec(OS [T1, . . . , Tn]),
where g is an e´tale morphism. Let MX := jlog∗ (O×U ) be the direct image of the
trivial log structure on U . The log scheme (X,MX) is log smooth if D is a NCD.
By abuse of notation, we write (X,D) instead of (X,MX).
(2) Let S = (S˚,N) be a log scheme whose log structure is associated to a homo-
morphism N → Γ(S˚,OS˚); 1 7→ 0. The map Nd → OS˚ [T1, . . . , Tn]/(T1 · · ·Td) given
by ei 7→ Ti defines a fine log scheme Spec(OS˚ [T1, . . . , Tn]/(T1 · · ·Td),Nd).
A fine log S-scheme Y is called semistable (resp. strictly semistable) if e´tale
locally (resp. Zariski locally) on Y , the structure morphism f : Y → S has a
decomposition
Y
u−→ Spec(OS˚ [T1, . . . , Tn]/(T1 · · ·Td),Nd)
δ−→ S
with u exact and e´tale (in usual sense), 1 ≤ d ≤ n, and δ is induced by the diagonal
map N→ Nd. A semistable log S-scheme is log smooth and integral over S.
2.2. Witt scheme. Let X be a scheme such that p is nilpotent in X and m be a
positive integer.
Definition 2.5. (1) The Witt scheme Wm(X) is the scheme (|X|,Wm(OX)) whose
underlying topological space is that of X and whose structure sheaf Wm(OX) as-
sociates to an affine open subset U = SpecR ⊂ X the ring of Witt vectors Wm(R).
We identify the underlying topological spaces of X and Wm(X). See Appendix A.1
of [LZ04].
(2) Let α : M → OX be a log structure of X. Then the log Witt scheme
of the log scheme (X,M, α) is the log scheme (Wm(X),Wm(M),Wm(α)) whose
underlying scheme Wm(X) is the Witt scheme of X, and whose sheaf of monoids
Wm(M) is defined byM⊕ ker(Wm(OX)× → O×X), and whose structure morphism
Wm(α) : Wm(M) → Wm(OX) is induced by M → Wm(OX), q 7→ [α(q)], where
[α(q)] is the Teichmu¨ller lift of α(q). We sometimes write Wm(X,M) instead of
(Wm(X),Wm(M),Wm(α)).
Definition 2.6. Let (A,P, α) be a pre-log ring and m a positive integer.
The Witt pre-log ring of (A,P ) is the pre-log ring (Wm(A), P ) where the struc-
ture morphism is given by P → Wm(A), q 7→ [α(q)]. We denote by Wm(A,P ) this
pre-log ring. We see SpecWm(A,P ) is nothing but the Witt scheme of Spec(A,P ).
We also define a pre-log ring W (A,P ) = (W (A), P ) in a similar way.
2.3. Crystalline cohomology over non-adic base. We give the definitions of
crystalline cohomology and log crystalline cohomology over non-adic base. Let A
be a Z(p)-algebra, I1 ⊂ A an ideal of A equipped with a pd-structure compatible
with the canonical pd-structure on pZ(p) ⊂ Z(p). Let
A ⊃ I1 ⊃ I2 ⊃ · · · ⊃ Im ⊃ Im+1 ⊃ · · ·
ON RELATIVE AND OVERCONVERGENT DE RHAM-WITT COHOMOLOGY 7
be a decreasing filtration of sub pd-ideals satisfying the following condition: For
all n ≥ m, there exists a positive integer a (it may depend on n and m) such that
Iam ⊂ In.
Set Am := A/Im and we assume that A is complete for the topology defined by
{Im}m∈N, that is, A ' lim←−mAm. We also assume that A1 is Noetherian and that
p is nilpotent in A1.
A basic example is the Witt vector A = W (R) of a Noetherian Z(p)-algebra R
in which p is nilpotent and the ideals Im =
VmW (R) equipped with the canonical
pd-structure.
Let X be a proper smooth scheme over A1. We have a canonical morphism of
crystalline topoi imn : (X/Am)crys → (X/An)crys for n ≥ m. We say the system
E = {Em}m is a compatible system of locally free crystals of finite rank if for each
m, Em is a locally free crystal of finite rank on the crystalline site Crys(X/Am) and
for each n ≥ m, i∗mnEn ' Em.
Definition 2.7. Let R be a ring and D(R) be the derived category of the category
of complexes of R-modules.
(1) We call K• ∈ D(R) is perfect if K• is quasi-isomorphic to a bounded above
complex of finite free R modules and it has finite tor dimension. This is equivalent to
the condition that K• is quasi-isomorphic to a bounded complex of finite projective
R-modules.
(2) We call K• ∈ D(R) is strictly perfect if K• is quasi-isomorphic to a bounded
complex of finite free R-modules.
Lemma 2.8. Suppose given Km ∈ D(Am) and a map Km+1 → Km in D(Am+1)
for each m ≥ 1. We assume
(1) K1 is a perfect object, and
(2) The maps induce isomorphisms
Km+1 ⊗LAm+1 Am → Km.
Then K = R lim←−Km is a perfect object of D(A) and K ⊗
L
A Am → Km is an
isomorphism for all m.
Proof. Take P1 a bounded complex of finite projective R-modules such that K1
is quasi-isomoprhic to P1. We know Im/Im+1 is nilpotent for all m. By [Sta16]
More On Algebra, Tag 09AR, we find inductively for all m a bounded complex
of finite projective R-modules Pm such that there is an isomorphism of complexes
Pm+1 ⊗Am+1 Am ' Pm. In this way Pm+1 has the same amplitude as Pm and
each term of pro-complex P• satisfies the Mittag-Leffler condition. Hence K :=
R lim←−Km = lim←−Pm and it satisfies the conditions from the lemma. 
Proposition 2.9. (cf. [Sta16] Crystalline Cohomology, Tag 07MX)
There exists a perfect object RΓcrys(X/A, E) in D(A) such that
RΓcrys(X/A, E)⊗LA Am ' RΓcrys(X/Am, Em).
Proof. Base change theorem ([BO78] Theorem 7.8) gives
RΓcrys(X/Am+1, Em+1)⊗LAm+1 Am ' RΓcrys(X/Am, Em)
for every n. By this result and the comparison theorem ([BO78] Theorem 7.1) we
obtain
RΓcrys(X/A1, E1) ' RΓZar(X, (E1)X ⊗OX Ω•X/A1).
We show first that RΓZar(X, (E1)X⊗Ω•X/A1) is perfect. By using the stupid filtration
on (E1)X ⊗ Ω•X/A1 , we are reduced to showing that RΓZar(X, (E1)X ⊗ Ω
q
X/A1
) is
perfect by [Sta16] More On Algebra, Tag 066R. It follows from the fact that (E1)X⊗
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ΩqX/A1 is a locally free sheaf of finite type and X is proper over a Noetherian ring
A1. Thus we have a perfect object D := R lim←−m RΓcrys(X/Am, Em) and it has the
property D ⊗LA Am ' RΓcrys(X/Am, Em). 
We have the same proposition for a proper log smooth integral scheme X(in the
sense of [Kat89] Definition 4.3) over A1, with A (hence A1) endowed with a log
structure. (Use [Kat89] Theorem (6.10)).
Definition 2.10. Assume that R is a Noetherian Z(p)-algebra in which p is nilpo-
tent.
If X is a proper smooth scheme over R and E = {Em}m is a compatible system
of locally free crystals of X, we define crystalline cohomology of X with coefficients
E over W (R) by H∗crys(X/W (R), E) := R∗Γcrys(X/W (R), E). We define crystalline
cohomology of X by H∗crys(X/W (R)) := H
∗
crys(X/W (R),OX/W (R)).
If (R,P ) is a pre-log ring and X is a log scheme proper log smooth integral
over (R,P ), we define the log crystalline cohomology H∗log-crys(X/W (R,P )) in the
similar fashion.
Theorem 2.11. Let R be a Noetherian Z(p)-algebra in which p is nilpotent, and
X be a proper smooth scheme over R. Then we have a canonical isomorphism
H∗crys(X/W (R))→ H∗Zar(X,WΩ•X/R).
Proof. Let um : (X/Wm(R))crys → XZar be the canonical morphism of topoi. Using
the simplicial method (cf. [LZ04] §3.2) we may assume X is embedded in a smooth
affine scheme Y which admits a Frobenius lift Ym. Let Y m be the pd-envelope of
the closed immersion X ↪→ Ym. From the naturality of the comparison morphism
of crystalline cohomology and de Rham cohomology ([BO78] Theorem 7.1, Remark
7.5) we have a commutative diagram
Rum∗OX/Wm(R) //

Ω•
Ym/Wm(R)

Rum−1∗OX/Wm−1(R) // Ω•Ym−1/Wm−1(R).
Moreover, the Frobenius lift Ym makes the following diagram commutative
OYm
∆∗m //

Wm(OY )

OYm−1
∆∗m−1 // Wm−1(OY ),
where ∆∗n (n = m − 1,m) is the map induced by the morphism ∆n : Wn(Y ) →
Yn in [LZ04] (3.5). Hence we see comparison isomorphisms Rum∗OX/Wm(R) →
WmΩ
•
X/R are compatible with restriction and then obtain the canonical isomor-
phism RΓcrys(X/W∗(R)) → RΓZar(X,W∗Ω•X/R) in D(N, (Wm(R))). Apply R lim←−
to this, then we get the isomorphism RΓcrys(X/W (R)) → RΓZar(X,WΩ•X/R) by
Proposition 2.9 and [LZ04] Proposition 1.13. 
3. Log F -V -procomplexes and log de Rham-Witt complex
3.1. Log pd-derivations.
Definition 3.1. ([Ogu06] Definition 1.1.9)
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Let θ be a morphism of pre-log rings
Q
β // S
P
α //
θ[
OO
R
θ]
OO
and let M be a S-module. Then a log-derivation of (S,Q)/(R,P ) with values in
M is a pair (D, δ), where D : S →M is a derivation of S/R with values in M and
δ : Q → M is a homomorphism of monoids such that the following conditions are
satisfied:
(1) For every q ∈ Q,D(β(q)) = β(q)δ(q).
(2) For every p ∈ P, δ(θ[(p)) = 0.
Definition 3.2. Let R be a ring and S an R-algebra. Let I ⊂ S be an ideal
equipped with a pd-structure {γn}n∈N. Let M be a S-module.
(1) ([LZ04] Definition 1.1) A pd-derivation of S/R with values in M is a deriva-
tion D : S →M of S/R which satisfies
D(γn(b)) = γn−1(b)D(b)
for n ≥ 1 and each b ∈ I.
(2) Let (R,P ) → (S,Q) be a morphism of pre-log rings. A log derivation (D :
S →M, δ : Q→M) is called a log pd-derivation if D is a pd-derivation.
We denote by D˘er(R,P )((S,Q),M) the set of log pd-derivations. The functor
M 7→ D˘er(R,P )((S,Q),M) is representable by a universal object
(d : S → Λ˘1(S,Q)/(R,P ), d log : Q→ Λ˘1(S,Q)/(R,P )),
where the S-module Λ˘1(S,Q)/(R,P ) is obtained as the quotient module of the log
differentials Λ1(S,Q)/(R,P ) by the submodule generated by all elements d(γn(b)) −
γn−1(b)db for b ∈ I, n ≥ 1.
Definition 3.3. (1) Let R → S be a morphism of rings. A differential graded
S/R-algebra is a unitary graded S-algebra
E• =
⊕
i≥0
Ei
equipped with an R-linear differential d : E• → E• such that the following relations
hold:
ωη = (−1)ijηω, ω ∈ Ei, η ∈ Ej ,
ω · ω = 0, with i odd,
d(ωη) = d(ω)η + (−1)iωd(η), ω ∈ Ei, η ∈ Ej ,
d2 = 0.
(2) Let (R,P ) → (S,Q) be a morphism of pre-log rings. A log differential
graded (S,Q)/(R,P )-algebra is a triple (E•, d, ∂), where (E•, d) is a differential
graded S/R-algebra and ∂ : Q→ E1 is a morphism of monoids, such that (d : S →
E0 → E1, ∂) is a log derivation and d∂ = 0.
A morphism of log differential graded (S,Q)/(R,P )-algebras f : (E•, d, ∂) →
(E′•, d′, ∂′) is a morphism of differential graded S/R-algebras f : (E•, d)→ (E′•, d′)
that satisfies ∂′ = f ◦ ∂.
(3) A log pd-differential graded (S,Q)/(R,P )-algebra is a log differential graded
(S,Q)/(R,P )-algebra (E•, d, ∂) such that d : S → E0 → E1 is a pd-derivation.
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3.2. Frobenius action on log pd-derivations. We consider a continuous (i.e. it
factors throughWl(S) for some l > 0)W (R)-linear pd-derivationD : W (S)→M to
a discrete W (S)-module (i.e. it is obtained by restriction of scalars W (S)→Wl(S)
for some l > 0). By [LZ04] §1.1, we have a map FD : W (S) → M given by
ξ = [x] + V ρ 7→ [x(p−1)]D([x]) + D(ρ), x ∈ S. Then FD : W (S) → M[F ] is a
continuous W (R)-linear pd-derivation. We extend this to pre-log rings.
Let (S,Q) be a pre-log ring and (D, δ) : W (S,Q) → M a W (R)-linear log pd-
derivation. Then the pair (FD, δ) is also a log pd-derivation. In fact, for q ∈ Q, we
have
FD(W (α)(q)) = FD([α(q)])
= [α(q)(p−1)]D([α(q)])
= [α(q)(p−1)] · [α(q)]δ(q)
= F (W (α)(q))δ(q).
By the universal property of the logarithmic differential sheaf, we obtain a mor-
phism F : Λ˘1Wm+1(S,Q)/Wm+1(R,P ) → (Λ˘1Wm(S,Q)/Wm(R,P ))[F ] from
(d, d log) : (Wm(S), Q)→ Λ˘1Wm(S,Q)/Wm(R,P )
and it satisfies F ◦ (d, d log) = (F d, d log). By definition, we obtain
F (dξ) = (F d)(ξ), ξ ∈Wm+1(S),
F (d logm) = d logm, m ∈ Q,
F d([x]) = [x]p−1d[x], x ∈ S,
d(F ξ) = pF dξ, ξ ∈Wm+1(S)
F d(V ξ) = dξ, ξ ∈Wm(S).
3.3. Log F -V -procomplexes. Let (R,P ) → (S,Q) be a morphism of pre-log
rings.
Definition 3.4. A log F -V -procomplex over (R,P )-algebra (S,Q) is a projective
system
{E•m = (E•m, Dm, ∂m), pim : E•m+1 → E•m}m∈N
of a log differential graded Wm(S,Q)/Wm(R,P )-algebra (E
•
m, Dm, ∂m),
. . .→ E•m+1 pim−−→ E•n → . . .→ E•1 → E•0 = 0.
Moreover, {E•m} is equipped with two sets of homomorphisms of graded abelian
groups,
F : E•m+1 → E•m, V : E•m → E•m+1,m ≥ 0,
and the following properties hold.
(i) ∂m are compatible with pim, i.e., ∂m = pim ◦ ∂m+1 for any m ≥ 0.
(ii) The morphisms Wm(S)→ E0m are compatible with F and V for any m ≥ 0.
(iii) The restriction maps pim : E
•
m → E•m−1 are compatible with F and V for
any m ≥ 1.
(iv) Let E•m,[F ] be the graded Wm+1(S)-algebra obtained via restriction of scalars
F : Wm+1(S) → Wm(S). Then F induces a homomorphism of graded Wm+1(S)-
algebras,
F : E•m+1 → E•m,[F ].
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(v) We have
FV ω = pω, ω ∈ E•m, n ≥ 0,
FDm+1
V ω = Dmω,
FDm+1[x] = [x
p−1]Dm[x], x ∈ S,
V (ωF η) = (V ω)η, η ∈ E•m+1,
F∂m+1(q) = ∂m(q), q ∈ Q.
A morphism of log F -V -procomplexes f : {E•m = (E•m, Dm, ∂m), pi} → {E′•m =
(E′•m, D
′
m, ∂
′
m), pi
′} is a morphism of pro-log differential graded W∗(S,Q)/W∗(R,P )-
algebras f = {fm : E•m → E′•m} that is compatible with F and V .
3.4. Construction of log de Rham-Witt complex. Let R be a Z(p)-algebra.
For a pre-log ring (S,Q) over (R,P ), we construct the log de Rham-Witt complex
{WmΛ•}m∈N = {WmΛ•(S,Q)/(R,P )}m∈N
as the universal log F -V -procomplex by induction on m. We set
W1Λ
• := Λ•(S,Q)/(R,P ) = Λ˘
•
W1(S,Q)/W1(R,P )
.
To define Wm+1Λ
• we assume that we have
• {WnΛ•}n≤m, a system of log pd-differential graded Wn(S,Q)/Wn(R,P )-
algebras WnΛ
•,
• Λ˘•Wn(S,Q)/Wn(R,P ) → WnΛ•, for n ≤ m, surjective morphisms of log differ-
ential graded algebras which are compatible with the restriction maps and
with F ,
• V : WnΛ• →Wn+1Λ•, additive maps for 1 ≤ n < m,
• WnΛ0 = Wn(S) for 1 ≤ n < m,
• FV ω = pω, F dV ω = ω, V (ωF η) = V ω · η for ω ∈ WnΛ•, η ∈ Wn+1Λ•,
1 ≤ n < m.
We define an ideal I ⊂ Λ˘•Wm+1(S,Q)/Wm+1(R,P ) as follows. Consider all relations of
the form
M∑
l=1
ξ(l) · d log q(l)1 · · · d log q(l)rl · dη
(l)
rl+1
· · · dη(l)i = 0
in WmΛ
•, where ξ(l), η(l)k ∈ Wm(S), q(l)k ∈ Q. Then I ⊂ Λ˘•Wm+1(S,Q)/Wm+1(R,P ) is
defined to be the ideal generated by the elements
M∑
l=1
V ξ(l) · d log q(l)1 · · · d log q(l)rl · dV η
(l)
rl+1
· · · dV η(l)i ,
M∑
l=1
dV ξ(l) · d log q(l)1 · · · d log q(l)rl · dV η
(l)
rl+1
· · · dV η(l)i .
Then I is stable by d. Moreover,
F : Λ˘•Wm+1(S,Q)/Wm+1(R,P )
F−→ Λ˘•Wm(S,Q)/Wm(R,P ) →WmΛ•
annihilates I since we have
FV ξ = pξ ∈ Λ˘0Wm(S,Q)/Wm(R,P ) = Wm(S), ξ ∈Wm(S)
F dV η = dη ∈ Λ˘1Wm(S,Q)/Wm(R,P ), η ∈Wm(S)
F d log q = d log q ∈ Λ˘1Wm(S,Q)/Wm(R,P ), q ∈ Q.
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Therefore F induces
F : Λ¯•m+1 := Λ˘
•
Wm+1(S,Q)/Wm+1(R,P )
/I →WmΛ•.
On the other hand, we have a well-defined map
V : WmΛ
• → Λ¯•m+1,
ξ · d log q1 · · · d log qr · dηr+1 · · · dηi 7→ V ξ · d log q1 · · · d log qr · dV ηr+1 · · · dV ηi.
We have F dV ω = dω. Let J be the ideal of Λ¯•m+1 generated by the elements
V (ω · F η)− V ω · η,
d(V (ω · F η)− V ω · η),
where ω ∈WmΛ• and η ∈ Λ¯•m+1. We see that F annihilate J . We set Wm+1Λ• :=
Λ¯•m+1/J . Then we have maps
F : Wm+1Λ
• →WmΛ•,
V : WmΛ
• →Wm+1Λ•.
We can see that all requirements of the definition of log F -V -procomplexes are
satisfied. We set WΛ• := lim←−mWmΛ
•. By the construction, the log de Rham-Witt
complex we made is a natural extension of the de Rham-Witt complex constructed
in [LZ04]: i.e., WmΛ
•
(S,{∗})/(R,{∗}) 'WmΩ•S/R.
The following proposition is clear from the definition.
Proposition 3.5. (cf. [LZ04] Proposition 1.6) Let {E•m, Dm, ∂m}m∈N be a log
F -V -procomplex over (S,Q)/(R,P ). Then there is a unique morphism of log F -V -
procomplexes
{WmΛ•(S,Q)/(R,P )} → {E•m}
over (S,Q)/(R,P ).
3.5. Standard Filtration. The differential graded ideals
FilsEim = V
sEim−s + dV
sEi−1m−s ⊂ Eim
gives a filtration of a log F -V -procomplex {E•m} and it is called the standard
filtration. Since restriction maps and F, V are compatible, we find
pi(FilsEim) ⊂ FilsEim−1,
F (FilsEim) ⊂ Fils−1Eim−1,
V (FilsEim) ⊂ Fils+1Eim+1,
d(FilsEim) ⊂ FilsEi+1m .
 · · · (∗)
Proposition 3.6. (cf. [HM03] 3.2.4) Let (R,P )→ (S,Q) be a morphism of pre-log
rings and m, s positive integers satisfying m ≥ s. We set WmΛ• := WmΛ•(S,Q)/(R,P ).
Then we have the following exact sequence:
0→ FilsWmΛ• →WmΛ• pi
m−s
−−−−→WsΛ• → 0.
Proof. For any log F -V -procomplex {E•m}, the composition of the two morphisms
FilsE•m ↪→ E•m pi
m−s
−−−−→ E•s is zero since pi commutes with F and V , and pim(E•m) ⊂
E•0 = 0. Therefore pi
m−s induces a morphism
pim−s : E•m/Fil
s(E•m)→ E•s .
Fix r := m − s and set E′•n := E•n+r/FilnE•n+r. Then {E′•n } is a log F -V -
procomplex over (S,Q)/(R,P ) by (∗). We show that {WnΛ′•} is the universal log
F -V -procomplex. Since the projection map pi of WnΛ
• is surjective, we have the
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canonical surjective morphism {WnΛ′•} → {WnΛ•} of log F -V -procomplexes. The
diagram:
Λ•Wn+r(S,Q)/Wn+r(R,P )

// // Wn+rΛ•

Λ•Wn(S,Q)/Wn(R,P )
// WnΛ′•.
shows the morphism Λ•Wn(S,Q)/Wn(R,P ) →WnΛ′• is surjective.
Let {E•n} be any log F -V -procomplex over (S,Q)/(R,P ). By the universal
property of {WnΛ•}, there is a unique morphism {WnΛ•} → {E•n} of log F -V -
procomplexes. We compose it with canonical surjection {WnΛ′•} → {WnΛ•}.
Then we get a morphism {WnΛ′•} → {E•n}. This is the unique morphism of log
F -V -procomplexes from {WnΛ′•} to {E•n} because Λ•Wn(S,Q)/Wn(R,P ) → WnΛ′• is
surjective. Hence {WnΛ′•} has the universal property. 
3.6. Base change for e´tale morphisms. We establish the e´tale base change
property of log de Rham-Witt complexes. The following propositions can be shown
by the same method used in [LZ04] Proposition 1.7 and 1.9.
Proposition 3.7. Let R be a ring such that R is F -finite (in the sense of [LZ04]
Proposition A.2) or p is nilpotent in R. Let (R,P ) → (S,Q) be a morphism of
pre-log rings and S → S′ be an e´tale ring map. Then the natural morphism
WmΛ
•
(S′,Q)/(R,P ) →Wm(S′)⊗Wm(S) WmΛ•(S,Q)/(R,P )
is an isomorphism.
Proposition 3.8. Let (R,P ) be a pre-log ring such that R is F -finite or p is
nilpotent in R. Assume we are given an unramified ring homomorphism R →
R′ and a morphism (R′, P ) → (S,Q) of pre-log rings. Then we have a natural
isomorphism of log F -V -procomplexes relative to (S,Q)/(R,P ):
{WmΛ•(S,Q)/(R,P )} → {WmΛ•(S,Q)/(R′,P )}.
We define the log de Rham-Witt complex on log schemes. The following lemma
immediately follows from [Ogu06], Chapter II, Proposition 2.2.1.
Lemma 3.9. Let β : Q → M be a chart for a sheaf of fine monoids M on a
scheme X. Suppose that β factors
Q
θ−→ Q′ β
′
−→M,
where Q′ is a constant sheaf of a finitely generated monoid. Then, e´tale locally on
X, β′ can be factored
Q′ θ
′
−→ Q′′ β”−→M,
where β′′ is a chart for M and Q′′ is finitely generated.
Proposition-Definition 3.10. Let f : (X,M)→ (Y,N ) be a morphism of fine log
schemes over Z(p). We assume that p is nilpotent in Y . We identify the e´tale topol-
ogy of Wm(X) and that of X (See [Sta16] E´tale Cohomology, Tag 03SI). Then there
is a unique quasi-coherent sheaf WmΛ
•
(X,M)/(Y,N ) on Xe´t which has the following
property: If there is a commutative diagram
U = Spec S′ //
γ′

V = Spec R′
γ

X
f // Y,
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where γ and γ′ are e´tale morphisms and there is a chart (Q→M|U , P → N|V , P →
Q) of the morphism (U,M|U )→ (V,N|V ), then we have a canonical isomorphism
Γ(U,WmΛ
•
(X,M)/(Y,N )) = WmΛ
•
(S′,Q)/(R′,P ).
Proof. When X = SpecS and Y = SpecR are affine and f has a chart (Q →
M, P → N , P → Q), the presheaf
Xe´t 3 (U ′ = SpecS′ → X) 7→WmΛ•(S′,Q)/(R,P )
defines a quasi-coherent sheaf on Xe´t because of the base change property of e´tale
morphisms (Proposition 3.7). We temporarily denote by F(P,Q) this sheaf . We
have to show if there exists another chart (Q′ → M, P ′ → N , P ′ → Q′) of f , we
have an isomorphism F(P,Q) ' F(P ′,Q′). We denote by
Wm(f) : (Wm(X) = SpecWm(S),Wm(M))→ (Wm(Y ) = SpecWm(R),Wm(N ))
the morphism induced by f . Since (Q → M, P → N , P → Q) (resp. (Q′ →
M, P ′ → N , P ′ → Q′)) is a chart of f , we have a canonical chart
(Q→Wm(M), P →Wm(N ), P → Q)
(resp.(Q′ →Wm(M), P ′ →Wm(N ), P ′ → Q′))
of Wm(f). Then we have an isomorphism
Λ•Wm(S,Q)/Wm(R,P ) ' Λ•Wm(X,M)/Wm(Y,N )(Wm(X)) ' Λ•Wm(S,Q′)/Wm(R,P ′)
by [Ogu06] Corollary 1.1.11. Hence it induces an isomorphism
Λ˘•Wm(S,Q)/Wm(R,P ) ' Λ˘•Wm(S,Q′)/Wm(R,P ′).
Let
I(P,Q) ⊂ Λ˘•Wm+1(S,Q)/Wm+1(R,P ) (resp. I(P ′,Q′) ⊂ Λ˘•Wm+1(S,Q′)/Wm+1(R,P ′))
and
J(P,Q) ⊂ Λ˘•Wm+1(S,Q)/Wm+1(R,P )/I(P,Q)
(resp. J(P ′,Q′) ⊂ Λ˘•Wm+1(S,Q′)/Wm+1(R,P ′)/I(P ′,Q′))
be ideals defined in the construction of WmΛ
•
(S,Q)/(R,P ) (resp. WmΛ
•
(S,Q′)/(R,P ′)).
See §3.4.
First we assume that there is a morphism of charts
(Q→M, P → N , P → Q)→ (Q′ →M, P ′ → N , P ′ → Q′).
This morphism induces a canonical map F(P,Q) → F(P ′,Q′). We show that it is an
isomorphism. Let α : QX → OX and α′ : Q′X → OX be the structure morphisms.
Let β : Q→ Q′ be a morphism of monoids induced by the morphism of charts. For
any geometric point x¯→ X, we have isomorphisms
Q/α−1(O∗X,x¯) β¯x¯−→∼ Q
′/α′−1(O∗X,x¯) ∼−→Mx/O∗X,x¯.
Since Q′ is finitely generated, by replacing X with some e´tale neighbourhood of x¯,
we can assume that for any q′ ∈ Q′ there exists q ∈ Q, s, s′ ∈ α′−1(OX(X)∗) such
that q′ · s′ = β(q) · s. We see
d log q′ = d log(q′ · s′)− d log s′
= d log(β(q) · s)− d log s′
= d log β(q) + d log s− d log s′
= d log β(q) + α′(s)−1ds− α′(s′)−1ds′.
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Hence we see that I(P,Q) → I(P ′,Q′) is an isomorphism. This isomorphism induces
Λ˘•Wm+1(S,Q)/Wm+1(R,P )/I(P,Q)
∼−→ Λ˘•Wm+1(S,Q′)/Wm+1(R,P ′)/I(P ′,Q′).
By the construction, we have J(P,Q)
∼−→ J(P ′,Q′) via this morphism. So we see
WmΛ
•
(S,Q)/(R,P )
∼−→WmΛ•(S,Q′)/(R,P ′),
and this shows F(P,Q) ∼−→ F(P ′,Q′).
We consider the general case. Let x¯ → X be any geometric point of X. By
Lemma 3.9, there exists a commutative diagram
U = Spec S′ //
γ′

V = Spec R′
γ

X
f // Y,
where U is an e´tale neighbourhood of x¯, and the morphisms γ, γ′ are e´tale, such
that we admit a chart (Q′′ →M|U , P ′′ → N|V , P ′′ → Q′′) of (U,M|U )→ (V,N|V )
and morphisms of coherent charts
(Q→M|U , P → N|V , P → Q)→ (Q′′ →M|U , P ′′ → N|V , P ′′ → Q′′),
(Q′ →M|U , P ′ → N|V , P ′ → Q′)→ (Q′′ →M|U , P ′′ → N|V , P ′′ → Q′′).
Then we see that
F(P,Q)(U) = WmΛ•(S,Q)/(R,P )
∼−→F(P ′′,Q′′)(U) = WmΛ•(S,Q′′)/(R,P ′′)
∼←−F(P ′,Q′)(U) = WmΛ•(S,Q′)/(R,P ′)
by the proof of the previous case. The collection of these maps glue to an isomor-
phism F(P,Q) ' F(P ′,Q′). 
3.7. Exact sequences. The log de Rham-Witt sheaves satisfy the same exact
sequences as the usual Ka¨hler differentials. The following results are generalizations
of a part of [LZ05].
Proposition 3.11. (1) Let X → Y → S be morphisms of fine log schemes. Then
there is the following exact sequences:
WmΛ
1
Y/S ⊗Wm(OY ) WmΛ•−1X/S →WmΛ•X/S →WmΛ•X/Y → 0.
(2) Let X
i−→ Y → S be morphisms of fine log schemes, where i : X → Y is an
exact closed immersion defined by a quasi-coherent ideal a ⊂ OY . Then there is the
following exact sequences:
Wm(a)/Wm(a)
2⊗Wm(OY )WmΛ•−1Y/S →Wm(OX)⊗Wm(OY )WmΛ•Y/S →WmΛ•X/S → 0.
Proof. (1) Since the problem is local, we can assume that morphisms of log schemes
are associated to morphisms of pre-log rings (R,P )→ (S,Q)→ (S′, Q′).
Let I•m ⊂ WmΛ•(S′,Q′)/(R,P ) be the ideal generated by the elements of the form
ds, d logm where s ∈Wm(S),m ∈Wm(Q). Then we see that I•m is invariant under
F, V and d.
The natural surjective morphism
WmΛ
•
(S′,Q′)/(R,P ) →WmΛ•(S′,Q′)/(S,Q)
factors WmΛ
•
(S′,Q′)/(R,P )/I
•
m.
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Since I•m is stable by F, V and d, we see {WmΛ•(S′,Q′)/(R,P )/I•m} is a log F -V -
procomplex over (S′, Q′)/(S,Q). We obtain an isomorphism
WmΛ
•
(S′,Q′)/(R,P )/I
•
m 'WmΛ•(S′,Q′)/(S,Q)
and a short exact sequence
0→ I•m →WmΛ•(S′,Q′)/(R,P ) →WmΛ•(S′,Q′)/(S,Q) → 0.
Thus we have the following exact sequence
WmΛ
1
(S′,Q′)/(R,P ) ⊗Wm(S) WmΛ•−1(S′,Q′)/(R,P ) →WmΛ•(S′,Q′)/(R,P )
→WmΛ•(S′,Q′)/(S,Q) → 0.
(2) This is reduced to the case of a morphism of log schemes associated to a
morphism of pre-log rings (R,P ) → (S,Q) → (S′ := S/a, Q). Since the canonical
morphism Wm(S,Q)→Wm(S′, Q) is a strict closed immersion defined by the ideal
Wm(a), we have the following exact sequence ([Ogu06], Prop 2.3.2):
Wm(a)/Wm(a)
2 d−→Wm(S′)⊗Wm(S) Λ1Wm(S,Q)/Wm(R,P ) → Λ1Wm(S′,Q)/Wm(R,P ) → 0.
Then we have the following complexes:
Wm(a)/Wm(a)
2 ⊗Wm(S) WmΛ•−1(S,Q)/(R,P )
d−→Wm(S′)⊗Wm(S) WmΛ•(S,Q)/(R,P )
→WmΛ•(S′,Q)/(R,P ) → 0.
It remains to prove the exactness at Wm(S
′)⊗Wm(S) WmΛ•(S,Q)/(R,P ). Since
W∗(a)W∗Λ•(S,Q)/(R,P ) + dW∗(a)W∗Λ
•−1
(S,Q)/(R,P )
is stable by operators F, V and d,
{Wmω•(S′,Q)/(R,P )}
:={WmΛ•(S,Q)/(R,P )/(Wm(a)WmΛ•(S,Q)/(R,P ) + dWm(a)WmΛ•−1(S,Q)/(R,P ))}
is a log F -V -procomplex over (S′, Q)/(R,P ).
It is easy to verify that {Wmω•(S′,Q)/(R,P )} satisfies the universal property, so we
have an isomorphism {Wmω•(S′,Q)/(R,P )}
∼−→ {WmΛ•(S′,Q)/(R,P )}. 
3.8. Log phantom components. Let R be a Z(p)-algebra, (R,P ) → (S,Q) a
morphism of pre-log rings and M an S-module. We denote by Mwm the W (S)-
module M obtained by the restriction of scalars wm : W (S) → S via the Witt
polynomial.
We establish the log version of phantom components defined in [LZ04] §2.4.
Define a complex E•m of Wm(S)-modules by
E•m =
m−1⊕
i=0
Λ•(S,Q)/(R,P ),wi .
We define F : E•m → E•m−1 and V : E•m → E•m+1 by following formulas: For
[ρ0, . . . , ρm−1] ∈ E•m, ρi ∈ Λ•(S,Q)/(R,P ),wi ,
F [ρ0, . . . , ρm−1] := [ρ1, . . . , ρm−1],
V [ρ0, . . . , ρm−1] := [0, pρ0, . . . , pρm−1].
For 1 ≤ i ≤ m, let ωm : WmΛ•(S,Q)/(R,P ) → Λ•(S,Q)/(R,P ),wm be the composition
of the Frobenius F i : WmΛ
•
(S,Q)/(R,P ) →Wm−iΛ•(S,Q)/(R,P ) and the restriction map
pim−i : Wm−iΛ•(S,Q)/(R,P ) → Λ•(S,Q)/(R,P ),wm . The sum of the maps (ω0, . . . , ωm−1)
define a homomorphism of projective systems of algebras
ωm : WmΛ
•
(S,Q)/(R,P ) → E•m.
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We can prove the following proposition by using the same argument of [LZ04]
Proposition 2.15.
Proposition 3.12. The morphism ωm commutes with F and V . We have
dωm = [1, p, p2, . . . ]ωmd
where [1, p, p2, . . . ] ∈∏S = E0m.
4. Log basic Witt differentials in special cases
4.1. SNCD case. In this subsection, we consider the log version of the p-basic
elements and the basic Witt differentials in the SNCD case. In fact, we treat a
slightly more generalized case which we need later.
Let R be a Z(p)-algebra and R[T ] := R[T1, . . . , Tn] and e an integer such that
0 ≤ e ≤ n and f an nonnegative integer. We consider the log structure associated
with the map Ne⊕Nf → R[T ], Ne 3 ei 7→ Ti (1 ≤ i ≤ e),Nf 3 ci 7→ 0 (1 ≤ i ≤ f)
where ei (resp. ci) are basis of Ne (resp. Nf ).
We define the log p-basic differentials of Λ•
(R[T ],Ne⊕Nf )/R := Λ
•
(R[T ],Ne⊕Nf )/(R,{∗})
as follows. Let p−∞ be a symbol and we set p · p−∞ := p−∞ and p−1 · p−∞ := p−∞
and ordp(p
−∞) := −∞.
A function k : [1, n]→ Z≥0unionsq{p−∞} is called a weight if for every e < i ≤ n, ki =
k(i) ∈ Z≥0. Let Supp k := {i ∈ [1, n] | ki 6= 0}.
We associate a weight without poles k+ to a weight k by
(k+)i :=
{
0 (ki = p
−∞),
ki (ki 6= p−∞).
For each weight k, we fix a total order on Supp k = {i1, . . . , ir} in such a way
that
ordpki1 ≤ ordpki2 ≤ · · · ≤ ordpkir , ordpkij = ordpkij+1 ⇒ ij ≤ ij+1.
If I is an interval of Supp k, the restriction of k to I will be given by kI .
We say (I−∞, I0, I1, . . . , Il) is a partition of Supp k if Ij are intervals of Supp k
and I−∞ = {i ∈ [1, n] | ki = p−∞},Supp k = I−∞ unionsq I0 unionsq I1 unionsq · · · unionsq Il, the elements
of Ij are smaller than that of Ij+1 (with respect to the fixed order) and I1, . . . , Il
are not empty. I−∞ and I0 can be empty. We associate the element
(k,P, J) :=
(∏
i∈J
d log ci
)
·
 ∏
i∈I−∞
d log Ti
 · e(k+,P ′ = (I0, I1, · · · , Il))
of Λ
|J|+|I−∞|+l
(R[T ],Ne⊕Nf )/R to the triple (k,P = (I−∞, I0, . . . , Il), J). Here d log Ti :=
d log ei, k is a weight, P is a partition of Supp k and J is a subset of [1, f ].
e(k+,P ′ = (I0, I1, · · · , Il)) = T kI0 (p−ordpkI1dT kI1 ) · · · (p−ordpkIldT kIl )
is the p-basic element defined in [LZ04] §2.1, where T kIj = ∏i∈Ij T kii and ordpkIj =
mini∈Ij ordpki. We call the elements of this form log p-basic elements.
Lemma 4.1. The log p-basic elements form a base of the log de Rham complex
Λ•
(R[T ],Ne⊕Nf )/R as an R-module.
Proof. The R-module Λl
(R[T ],Ne⊕Nf )/R has the following basis:
d log ch1 · · · d log chs · d log Ti1 · · · d log Tim ·
 ∏
j∈[1,n]
T
kj
j
 · d log Tj1 · · · d log Tjl−m−s ,
(1)
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where 1 ≤ h1 < · · · < hs ≤ f, 1 ≤ i1 < · · · < im ≤ e, k : [1, n] → Z≥0, k|{i1,...,im} =
0, j1 < · · · < jl−m−s ∈ Supp k.
Let Λl(I, k, J) ⊂ Λl
(R[T ],Ne⊕Nf )/R be the free R-submodule spanned by all ele-
ments of the form (1) for a fixed I = {i1, . . . , im} ⊂ [1, e], J = {h1, . . . , hs} ⊂ [1, f ]
and a weight k : [1, n] → Z≥0 such that k|{i1,...,im} = 0. We have a decomposition
as free R-modules:
Λl(R[T ],Ne⊕Nf )/R =
⊕
I,k,J
Λl(I, k, J).
The rank of Λl(I, k, J) is
(
m
s
)
where m = |Supp k| and s = l−|I|−|J |. The number
of log p-basic elements of the form(∏
i∈J
d log ci
)
·
(∏
i∈I
d log Ti
)
· e(k,P)
for fixed I and J and k is also
(
m
s
)
. Hence it is enough to show that the log p-basic
elements of this form generate Λl(I, k, J) as an R-module. It follows from the proof
of [LZ04] Proposition 2.1. 
Next we determine the log version of the basic Witt differentials for the pre-log
ring (R[T ],Ne⊕Nf ) = (R[T1, . . . , Tm],Ne⊕Nf ) over R = (R, {∗}). We denote by
Xi ∈ W (R) the Teichmu¨ller lift [Ti] of Ti . We consider the log de Rham-Witt
complex WΛ•
(R[T ],Ne⊕Nf )/R.
We call a function k : [1, n]→ Z≥0[1/p]unionsq {p−∞} a weight if for e < i ≤ n, ki :=
k(i) ∈ Z≥0[1/p]. Set t(kil) := −ordpkil and u(kil) = max(0, t(kil)). For each weight
k, we fix a total order on Supp k = {i1, . . . , ir} in such a way that
ordpki1 ≤ ordpki2 ≤ · · · ≤ ordpkir , ordpkij = ordpkij+1 ⇒ ij ≤ ij+1.
If I = {it, · · · , it+m} is an interval of Supp k, the restriction of k to I will be
given by kI . We set t(kI) = t(kit), u(kI) = u(kit). If k is fixed in our discussion,
we write t(I) and u(I) instead of t(kI) and u(kI).
We say (I−∞, I0, I1, . . . , Il) is a partition of Supp k if Ij are intervals of Supp k,
I−∞ = {i ∈ [1, n] | ki = p−∞},Supp k = I−∞ unionsq I0 unionsq I1 unionsq · · · unionsq Il, the elements of
Ij are smaller than that of Ij+1 (with respect to the fixed order) and I1, . . . , Il are
not empty. I−∞ and I0 can be empty.
Let (ξ, k,P, J) be a quadruple such that k is a weight, P = (I−∞, I0, . . . , Il)
is a partition of k, ξ ∈ V u(k+)W (R) and J ⊂ [1, f ]. We define a log basic Witt
differential  = (ξ, k,P, J) ∈WΛ|J|+|I−∞|+l
(R[T ],Ne⊕Nf )/R by
 =
(∏
i∈J
d log ci
)
·
 ∏
i∈I−∞
d logXi
 · e(ξ, k+, (I0, . . . , Il)),
where e(ξ, k+, (I0, . . . , Il)) is the basic Witt differential defined in [LZ04] §2.2. We
call the log basic Witt differential (ξ, k,P, J) is integral if e(ξ, k+, (I0, . . . , Il)) is
integral, i.e., (k+)i ∈ Z≥0 for all i. The log basic Witt differential (ξ, k,P, J) is
called fractional if it is not integral.
We denote by m(ξ, k,P, J) the image of (ξ, k,P, J) inWmΛ•(R[T ],Ne⊕Nf )/R. The
element m(ξ, k,P, J) depends only on the residue class ξ¯ of ξ in Wm(R). We see
ξ¯ ∈ V uWm−u(R) because ξ ∈ V uW (R) for u = u(k+). We have m(ξ, k,P, J) = 0
if pm−1 · k+ is not integral.
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The relations
F d log ci = log ci,
F d logXi = logXi,
V d log ci = V (1) log ci,
V d logXi = V (1) logXi,
d(d log ci) = 0, d(d logXi) = 0
and [LZ04] Proposition 2.5 and 2.6 give the following formulas:
(1)
F (ξ, k, (I−∞, I0, . . . , Il), J)
=
{
(F ξ, pk, (I−∞, I0, . . . , Il), J) (I0 6= ∅, k+ is integral),
(V
−1
ξ, pk, (I−∞, I0, . . . , Il), J) (I0 = ∅, k+ not integral).
(2)
V (ξ, k, (I−∞, I0, . . . , Il), J)
=

(V ξ,
1
p
k, (I−∞, I0, . . . , Il), J) (I0 6= ∅ or k+ is integral and divisible by p),
(pV ξ,
1
p
k, (I−∞, I0, . . . , Il), J) (I0 = ∅, (1/p)k+ is not integral).
(3) If I = Supp k+ and t = t(kI),
d(ξ, k, (I−∞, I0, . . . , Il), J)
=
 0 (I = ∅ or I0 = ∅),(ξ, k, (I−∞, ∅, I0, . . . , Il), J) (I0 6= ∅, k+ not integral),
p−t(ξ, k, (I−∞, ∅, I0, . . . , Il), J) (I0 6= ∅, k+ integral).
Let
ω˜m : WΛ
•
(R[T1,...,Tn],Ne⊕Nf )/R → Λ•(R[T1,...,Tn],Ne⊕Nf )/R,wm .
be the composition of
ωm : Wm+1Λ
•
(R[T1,...,Tn],Ne⊕Nf )/R → Λ•(R[T1,...,Tn],Ne⊕Nf )/R,wm
which we defined in §3.8 followed by the natural projection map
WΛ•(R[T1,...,Tn],Ne⊕Nf )/R →Wm+1Λ•(R[T1,...,Tn],Ne⊕Nf )/R.
Proposition 4.2. Let  = (ξ, k, (I−∞, I0, . . . , Il), J) ∈WΛ|J|+|I−∞|+l(R[T1,...,Tn],Ne⊕Nf )/R be
a log basic Witt differential where ξ = V
u
η, u = u(k+). Then
ω˜m()
=

0 (if pm · k+ not integral),
wm(ξ) ·
(∏
i∈J d log ci
) · (∏i∈I−∞ d log Ti) ·
T p
mkI0 (p−ordp
mkI1dT p
mkI1 ) · · · (p−ordpmkIldT pmkIl )
(if pm · k+ integral, I0 6= ∅ or k+ integral),
wm−u(η) ·
(∏
i∈J d log ci
) · (∏i∈I−∞ d log Ti) ·
(p−ordp
mkI1dT p
mkI1 ) · · · (p−ordpmkIldT pmkIl )
(if pm · k+ integral, I0 = ∅).
Proof. It follows from the construction of wm, [LZ04] Proposition 2.16 and calcu-
lations of log parts. 
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Proposition 4.3. Any element of WΛ•
(R[T1,...,Tn],Ne⊕Nf )/R has a unique expression
as a convergent sum of log basic Witt differentials:∑
k,P,J
(ξk,P,J , k,P, J),(2)
where k runs over all possible weights, P over all partitions and J over all subsets
of [1, f ]. A convergent sum means that for any given number m, we have ξk,P,J ∈
VmW (R) for all but finitely many weights k.
Proof. For ξ ∈W (R[T ]), we can see that ξ can be written uniquely as a convergent
sum ξ =
∑
k,m≥0
Vm([ak,m]X
k), where Xr = [Tr], ak,m ∈ R and k runs all possible
integral weights.
For a given nonnegative integer m and a weight k, ρ ≤ m denotes the maximum
nonnegative integer such that p−ρk is integral. Then we have
Vm([ak,m]X
k) = V
m−ρ
(V
ρ
[ak,m]X
p−ρk).
Hence ξ is written as the convergent sum ξ =
∑
k:weight
V u(k)(ηkX
pu(k)k).
Since we have a canonical surjective map
Ω1W (R[T ])/W (R) ⊕
e⊕
i=1
W (R[T ])d log Ti ⊕
f⊕
i=1
W (R[T ])d log ci →
Λ1(W (R[T ]),Ne⊕Nf )/W (R),
any element in WΛ•
(R[T1,...,Tn],Ne⊕Nf )/R is written as a convergent sum of elements
of the form
d log ci1 · · · d log cis · d logXj1 · · · d logXjl ·
V u0 (η0X
pu0k(0))dV
u1
(η1X
pu1k(1)) · · · dV um (ηmXpumk(m)), · · · (∗)
where 1 ≤ i1 < · · · < is ≤ f, 1 ≤ j1 < · · · < jl ≤ e, k(0), . . . , k(m) are weights and
ui is the least nonnegative integer such that p
ui · k(i) is integral.
We prove that all the elements of the form (∗) can be written as a sum of log
basic Witt differentials, by dividing them into four cases.
Case 0. {j1, . . . , jl} ∩ (
⋃m
i=0 Supp k
(i)) = ∅.
If {j1, . . . , jl}∩(
⋃m
i=0 Supp k
(i)) = ∅, (∗) can be written as a sum of log basic Witt
differentials by [LZ04] Theorem 2.8 and our definition of log basic Witt differentials.
Case 1. k(i) are all integral, i.e., u0 = u1 = · · · = um = 0.
(∗) = d log ci1 · · · d log cis · d logXj1 · · · d logXjl ·
(η0X
k(0))d(η1X
k(1)) · · · d(ηmXk(m)).
It can be reduced to the case 0 by following calculations.
We write ei for (0, . . . , 1, . . . , 0), whose ith entry is 1 and the others are 0. If k
is an integral weight without poles and t ∈ Supp k, we have
d logXt ·Xk = Xk−ktet ·Xkt−1t dXt,
d logXt · dXk = d logXt · (Xktt dXk−ktet +Xk−ktetdXktt )
= d logXt ·Xktt dXk−ktet
= Xkt−1t dXt · dXk−ktet .
Case 2. u0 ≥ uj for j = 1, . . . ,m.
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We can rewrite (∗) as follows:
V u0(d log ci1 · · · d log cis · d logXj1 · · · d logXjl ·
η0X
pu0k(0) · Fu0−u1d(η1Xpu1k(1)) · · · Fu0−umd(ηmXpumk(m)).
Since V maps log basic Witt differentials to log basic Witt differentials, it follows
from case 1.
Case 3. u1 ≥ uj for j = 0, . . . ,m.
We apply Leibniz rule:
V u0 (η0X
pu0k(0))dV
u1
(η1X
pu1k(1)) = d(V
u0
(η0X
pu0k(0))V
u1
(η1X
pu1k(1)))
−V u1 (η1Xpu1k(1))dV u0 (η0Xpu0k(0)).
By the Leibniz rule and the fact that d maps log basic Witt differentials to log
basic Witt differentials, we can reduce it to the former three cases.
Next we prove the independence of the log basic Witt differentials. Suppose the
element ω =
∑
k,P,J (ξk,P,J , k,P, J) of the form as (2) is equal to zero. We show
ξk,P,J = 0 for all k,P, J . It suffices to show that the image of ξk,P,J in Wm(R) is
zero for all m. We fix a positive integer m. Let ξ¯k,P,J be the image of ξk,P,J in
Wm(R). First we suppose R is p-torsion free. Consider the morphism
ω˜i : WΛ
•
(R[T1,...,Tn],Ne⊕Nf )/R → Λ•(R[T1,...,Tn],Ne⊕Nf )/R,wi .
for 0 ≤ i ≤ m − 1. Proposition 4.2 shows that wi(ξk,P,J) = 0 for 0 ≤ i ≤ m − 1
because log p-basic elements are linearly independent by Lemma 4.1. Since we
assume that R has no p-torsion, ξ¯k,P,J = 0 for all k,P, J . Hence the proof of
independence is completed if R is p-torsion free.
We consider the general case. Take a surjective ring homomorphism φ : R˜→ R
where R˜ is a ring without p-torsion. Set a := kerφ. Let (R˜[T ],Ne⊕Nf ) be a pre-log
ring whose pre-log structure is given by Ne⊕Nf → R˜[T ], Ne 3 ei 7→ Ti (1 ≤ i ≤
e),Nf 3 ci 7→ 0 (1 ≤ i ≤ f). We denote by WΛ•(aR˜[T ],Ne⊕Nf )/R˜ the subgroup of
WΛ•
(R˜[T ],Ne⊕Nf )/R˜ which consists of convergent sums of log basic Witt differential
of (ξk,P,J , k,P, J) with ξk,P,J ∈ W (a). We see WΛ•(aR˜[T ],Ne⊕Nf )/R˜ is a ideal of
WΛ•
(R˜[T ],Ne⊕Nf )/R˜ by the first part of the proof and Proposition 2.11 of [LZ04]. Let
WmΛ
•
(aR˜[T ],Ne⊕Nf )/R˜ be the image of WΛ
•
(aR˜[T ],Ne⊕Nf )/R˜ in WmΛ
•
(R˜[T ],Ne⊕Nf )/R˜.
Define a procomplex {E•m} by
E•m := WmΛ
•
(R˜[T ],Ne⊕Nf )/R˜/WmΛ
•
(aR˜[T ],Ne⊕Nf )/R˜.
Set E• := lim←−mE
•
m. Then we have E
0
m = Wm(R) and
E• 'WΛ•
(R˜[T ],Ne⊕Nf )/R˜/WΛ
•
(aR˜[T ],Ne⊕Nf )/R˜.
Since WΛ•
(aR˜[T ],Ne⊕Nf )/R˜ is invariant under F, V and d, we see {E•m} is an log
F -V -procomplex over (R[T ],Ne⊕Nf )/R. Hence we obtain a morphism
{WmΛ•(R[T ],Ne⊕Nf )/R} → {E•m}
of log F -V -procomplexes. Then there is the following commutative diagram
WΛ•
(R˜[T ],Ne⊕Nf )/R˜

// // WΛ•
(R[T ],Ne⊕Nf )/R
uu
E•.
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By the p-torsion free case, any element ω of WΛ•
(R˜[T ],Ne⊕Nf )/R˜ is uniquely writ-
ten as a convergent sum as (2). The commutativity of the diagram indicated above
and the fact that the composite morphism
WΛ•
(aR˜[T ],Ne⊕Nf )/R˜ →WΛ•(R˜[T ],Ne⊕Nf )/R˜ →WΛ•(R[T ],Ne⊕Nf )/R
is zero implies Proposition 4.3 holds for any R. 
Corollary 4.4. Any element ω of WmΛ
•
(R[T1,...,Tn],Ne⊕Nf )/R can be written as a
finite sum
ω =
∑
k,P,J
m(ξk,P,J , k,P, J), ξk,P,J ∈ V u(k
+)
Wm−u(k+)(R).
Here k runs over all weights such that pm−1·k+ is integral, P runs over all partitions
and J over all subsets of [1, f ]. The coefficients ξk,P,J are uniquely determined by
ω.
4.2. Semistable case. We consider the log p-basic elements and the basic Witt
differentials in specific cases, which contains the semistable case.
For positive integers d ≤ e ≤ n and a nonnegative integer f , we consider the
pre-log ring
(A = R[T1, . . . , Tn]/(T1 · · ·Td), P = Ne⊕Nf ),
Ne 3 ei 7→ Ti ∈ A (1 ≤ i ≤ e),Nf 3 ci 7→ 0 ∈ A (1 ≤ i ≤ f),
where ei (resp. ci) are basis of Ne (resp. Nf ), for later discussions in this paper.
The module of (relative) log differential forms Λ1(A,P )/R is isomorphic to a free A-
module
⊕e
i=1Ad log Ti ⊕
⊕n
i=e+1AdTi ⊕
⊕f
i=1Ad log ci. Hence Λ
•
(A,P )/R has the
following elements as a basis of R-module:
T k11 · · ·T knn ·
∏
i∈G
d log Ti ·
∏
i∈H
d log Ti ·
∏
j∈I
d log Ti ·
∏
i∈J
d log ci,
whereG ⊂ [1, d], H ⊂ [d+1, e], I ⊂ [e+1, n]∩Supp k, J ⊂ [1, f ] and min1≤i≤d ki = 0.
We conclude that the log p-basic differentials (k,P, J) satisfying [1, d] 6⊂ Supp k+
forms the basis as an R-module by a similar argument to that in Lemma 4.1.
Next we study the basic Witt differentials of WΛ•(A,P )/R.
Proposition 4.5. Any element in WΛ•(A,P )/R has a unique expression as a con-
vergent sum ∑
k,P,J
(ξk,P,J , k,P, J)
of log basic Witt differentials. Here k runs over all possible weights such that
[1, d] 6⊂ Supp+ k, P over all partitions of Supp k and J over all subsets of [1, f ].
A convergent sum means that for any given number m, we have ξk,P,J ∈ VmW (R)
for all but finitely many weights k.
Proof. As proof of Proposition 4.3, any element ξ of W (A) can be written as the
following convergent sum:
ξ =
∑
k:weight,[1,d]6⊂Supp k
V u(k)(ηkX
pu(k)k).
Hence an element of WΛ•(A,P )/R can be written as a convergent sum of the following
form
d log ci1 · · · d log cis · d logXj1 · · · d logXjl ·
V u0 (η0X
pu0k(0))dV
u1
(η1X
pu1k(1)) · · · dV um (ηmXpumk(m))
ON RELATIVE AND OVERCONVERGENT DE RHAM-WITT COHOMOLOGY 23
with 1 ≤ i1 < · · · < is ≤ f, 1 ≤ j1 < · · · < jl ≤ e, each k(i) is a weight satisfying
[1, d] 6⊂ Supp k(i) for all i and ui is the least nonnegative integer such that puik(i)
is integral.
We show this is equal to zero if [1, d] ⊂ ⋃mi=1 Supp k(i). We can assume that all
k(i) are integral by the proof of Proposition 4.3. If k is an integral weight, dXk is
divisible by Xk|[1,d] . Hence if [1, d] ⊂ ⋃mi=1 Supp k(i), the element indicated above
is zero.
We can prove that any element of WΛ•(A,P )/R can be written as the form in-
dicated in the proposition in the same as Proposition 4.3 because the actions of
F, V, d on log basic Witt differentials do not change the condition [1, d] 6⊂ Supp+ k.
We can also show that this expression is unique by a similar argument to the
proof of Proposition 4.3. 
Corollary 4.6. Any element ω of WmΛ
•
(A,P )/R can be written as a finite sum
ω =
∑
k,P,J
m(ξ, k,P, J), ξk,P,J ∈ V u(k
+)
Wm−u(k+)(R).
Here m is the image of  on WmΛ
•
(A,P )/R, k runs over all weights such that [1, d] 6⊂
Supp+ k, pm−1 ·k+ is integral, P over all partitions of Supp k and J over all subsets
of [1, f ]. The coefficients ξk,P,J are uniquely determined by ω.
Set d logX := d logX1 + · · ·+ d logXe + d log c1 + · · ·+ d log cf .
We define an element ′(ξ, k, (I−∞, I0, . . . , Il), J) for a log basic Witt differential
(ξ, k, (I−∞, I0, . . . , Il), J) by
′ =

(ξ, k, (I−∞, I0, . . . , Il), J) (ke 6= p−∞),(∏
j∈J d log cj
)
·
(∏
i∈I−∞,i6=e d logXi
)
· d logX · e(ξ, k+, (I0, . . . , Il))
(ke = p
−∞),
where e(ξ, k+, (I0, . . . , Il)) is the classical basic Witt differential defined in [LZ04].
If ke = p
−∞, we see
′(ξ, k, (I−∞, I0, . . . , Il), J)
=(ξ, k, (I−∞, I0, . . . , Il), J)
+
(∏
i∈J
d log ci
) ∏
i∈I−∞,i6=e
d logXi
 ∑
i∈[1,e]\I−∞
d logXi
 e(ξ, k+, (I0, . . . , Il))
+
(∏
i∈J
d log ci
) ∏
i∈I−∞,i6=e
d logXi
 ∑
i∈[1,f ]\J
d log ci
 e(ξ, k+, (I0, . . . , Il))
=(ξ, k, (I−∞, I0, . . . , Il), J)
+ (linear combination of (ξ, k, (I−∞, I0, . . . , Il), J) such that ke 6= p−∞,
I−∞ and J vary and  are different from the above).
From this we obtain
Proposition 4.7. WΛ•(A,P )/R has a decomposition as W (R)-modules:
WΛ•(A,P )/R = WC
•
(A,P )/R ⊕WC
′•
(A,P )/R,
where WC•(A,P )/R (resp. WC
′•
(A,P )/R) consists of the elements which can be written
as a convergent sum of the elements of the form ′ such that ke 6= p−∞ (resp.
ke = p
−∞).
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Note that the decomposition we stated above is not a decomposition as com-
plexes.
5. Log Witt lift and Log Frobenius lift
Let R be a Z(p)-algebra in which p is nilpotent and (R,P )→ (S,Q) a log smooth
morphism of pre-log rings. We define the log version of Witt lifts and Frobenius
lifts of [LZ04] §3.1.
Definition 5.1. A log Witt lift of (S,Q) over (R,P ) is a system ((Sn, Qn), δn :
(Sn, Qn)→Wn(S,Q))n≥1 satisfying the following conditions.
(1) For each n ≥ 1, (Sn, Qn) is log smooth over Wn(R,P ), and
Wn(R,P )⊗Wn+1(R,P ) (Sn+1, Qn+1) ' (Sn, Qn), (S1, Q1) = (S,Q).
(2) Let w0 : Wn(S,Q) → (S,Q) be the morphism induced by the Witt polyno-
mial w0 : Wn(S) → S and idQ. For n > 1, w0δn is the natural map (Sn, Qn) →
(S,Q) and the following diagram commutes:
(Sn+1, Qn+1)
δn+1 //

Wn+1(S,Q)

(Sn, Qn)
δn // Wn(S,Q).
Definition 5.2. A log Frobenius lift of (S,Q) over (R,P ) is a system
((Sn, Qn), φn : (Sn, Qn)→ (Sn−1, Qn−1), δn : (Sn, Qn)→Wn(S,Q))n≥1,
satisfying the following conditions:
(1) ((Sn, Qn), δn) is a log Witt lift of (S,Q) over (R,P ).
(2) For n ≥ 1, φn is compatible with the Frobenius on the log Witt ring F :
Wn(R,P ) → Wn−1(R,P ), the absolute Frobenius Frob : S/pS → S/pS and ×p :
Q→ Q.
(3) The following diagram commutes:
(Sn+1, Qn+1)
δn+1 //
φn+1

Wn+1(S,Q)
F

(Sn, Qn)
δn // Wn(S,Q).
We also define log Witt lifts and log Frobenius lifts for a morphism f : (X,M)→
(Y,N ) of fine log schemes.
Definition 5.3. A log Witt lift of (X,M) over (Y,N ) is a system ((Xn,Mn),∆n :
Wn(X,N )→ (Xn,Nn))n≥1 satisfying the following conditions.
(1) For each n ≥ 1, (Xn,Mn) is log smooth over Wn(Y,N ), and
Wn(Y,N )×Wn+1(Y,N ) (Xn+1,Mn+1) ' (Xn,Mn), (X1,M1) = (X,M).
(2) Let w0 : (X,M) → Wn(X,M) be the morphism induced by the Witt
polynomial w0 : X → Wn(X) and idM. For n > 1, ∆nw0 is the natural map
(X,M)→ (Xn,Mn) and the following diagram commutes:
Wn(X,M) ∆n //

(Xn,Mn)

Wn+1(X,M)
∆n+1 // (Xn+1,Mn+1).
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Definition 5.4. A log Frobenius lift of (X,M) over (Y,N ) is a system
((Xn,Mn),Φn : (Xn−1,Mn−1)→ (Xn,Mn),∆n : Wn(X,M)→ (Xn,Mn))n≥1,
satisfying the following conditions:
(1) ((Xn,Mn),∆n) is a log Witt lift of (X,M) over (Y,N ).
(2) For n ≥ 1, Φn is compatible with the Frobenius on the log Witt scheme
F : Wn−1(Y,N )→Wn(Y,N ), the absolute Frobenius Frob : X⊗Fp → X⊗Fp and
×p :M→M.
(3) The following diagram commutes:
Wn(X,M) ∆n //
F

(Xn,Mn)
Φn+1

Wn+1(X,M)
∆n+1 // (Xn+1,Mn+1).
Lemma 5.5. (1) Let (R,P ) → (S,Q) be a log smooth morphism of pre-log rings.
Then (S,Q) has a log Frobenius lift over (R,P ).
(2) Let (X,M) → (Y,N ) be a log smooth morphism of fine log schemes. Then
e´tale locally on X, (X,M) has a log Frobenius lift over (Y,N ).
Proof. By the toroidal characterization of the log smoothness of log schemes (The-
orem 2.3), (2) follows from (1). We show (1).
The morphism (R,P )→ (S,Q) has a decomposition (R,P )→ (R⊗Z[P ]Z[Q], Q)→
(S,Q). Since (S,Q) is log smooth over (R,P ), the ring map R ⊗Z[P ] Z[Q] → S is
e´tale.
First we construct a log Frobenius map on (T := R ⊗Z[P ] Z[Q], Q) over (R,P ).
Let α : P → R be the structure morphism of the pre-log ring (R,P ). Set Tn :=
Wn(R) ⊗Z[P ] Z[Q] where the structural morphism Z[P ] → Wn(R) is induced by
a ∈ P → [α(a)]. Then (Tn, Qn := Q) will be a pre-log ring in the obvious way.
In particular, (Tn, Qn) is log smooth over Wn(R,P ). We extend F : Wn(R) →
Wn−1(R) to a morphism
φn : (Tn, Qn)→ (Tn−1, Qn−1), a⊗ b 7→ Fa⊗ bp, a ∈Wn(R), b ∈ Q.
and also define δn : (Tn, Qn) → Wn(T,Q) induced by Tn → Wn(T ); a ∈ Q 7→
[1⊗ a], idQ : Qn = Q→ Q. Then ((Tn, Qn), φn, δn) is a log Frobenius lift of (T,Q).
To obtain a log Frobenius lift on (S,Q), it is suffice to show that if (S,Q) →
(S′, Q) is a morphism of pre-log rings such that the underlying ring map S → S′
is an e´tale morphism and the underlying monoid map Q → Q is the identity map
and there a log Frobenius lift ((Sn, Qn), φn, δn) of (S,Q), there is a unique log
Frobenius lift of the form ((S′n, Qn), ψn, n) of (S
′, Q) and (S,Q)→ (S′, Q) lifts to
a homomorphism ((Sn, Qn), φn, δn)→ ((S′n, Qn), ψn, n). We can prove this in the
same manner as the proof of [LZ04] Proposition 3.2. 
6. Comparison morphism
We construct the comparison morphism between the log crystalline cohomology
and the hypercohomology of the log de Rham-Witt complex.
6.1. Extension of derivations. In this subsection, we consider the log version of
the discussion in [Ill79] 0, §3.1. First we recall the definition of the trivial extension
of a quasi-coherent sheaf ([Ogu06] Example 2.1.6).
Definition 6.1. Let f : X → Y be a morphism of fine log schemes and E a
quasi-coherent sheaf of OX -modules.
The trivial Y -extension of X by E is the log scheme T defined by OT := OX ⊕
E with (a, b)(a′, b′) := (aa′, ab′ + a′b), with MT := MX ⊕ E, and αT (m, e) :=
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(αX(m), αX(m)e) if m ∈ MX and e ∈ E. The canonical projection OT → OX
(resp. the canonical map OY → OX → OT ) defines a morphism of log schemes
X → T (resp. T → Y ). We also have an evident retraction T → X over Y .
Let (Y,N , I, γ) be a fine log pd-scheme. Let i : (X,M)→ (X ′,M′) be a closed
immersion of log schemes. We assume γ extends to X and i has a factorization
(X,M) j−→ (Z,L) g−→ (X ′,M′) with j an exact closed immersion and g log e´tale.
We admit this kind of factorizations e´tale locally on X ([Kat89] (4.10) (1)).
Set J := ker(OZ → j∗OX). Then the log pd-envelope (D,MD,J , [ ]) of i is
the usual pd-envelope (D,J , [ ]) of X in Z with log structure MD given by the
inverse image of L. Since g is log e´tale, the canonical morphism g∗Λ1(X′,M′)/(Y,N ) →
Λ1(Z,L)/(Y,N ) is an isomorphism ([Kat89] Proposition (3.12)).
Proposition 6.2. The log derivation (d, d log) : (OX′ ,M′) → Λ1(X′,M′)/(Y,N ) ex-
tends uniquely to
(d′, d′ log) : (OD,MD)→ OD ⊗OX′ Λ1(X′,M′)/(Y,N ) ' OD ⊗OZ Λ1(Z,L)/(Y,N )
such that d′x[n] = x[n−1] ⊗ dx for all x ∈ J , n ≥ 1 and d′ logm = 1 ⊗ d logm for
all m ∈ L.
Proof. Let E := OD ⊗OX′ Λ1(X′,M′)/(Y,N ) and T = Spec(OD ⊕E,MD ⊕E) be the
trivial Z-extension of D by E. We define a pd-structure on a ideal E ⊂ OT by
u[n] = 0 for n ≥ 2.
Since OT is an augmented OD-algebra and E is an augmented ideal, there exists
a unique pd-structure δ on J · OT + E ⊂ OT which is compatible with the pd-
structures on J and E by ([Ber74] I 1.6.5). δ satisfies δn(x+u) = x[n] +x[n−1]u for
x ∈ J , u ∈ E. By the construction, δ is compatible with γ. Let α : OZ → OT =
OD ⊕ E (resp. β : L → MT ) be a morphism defined by α(z) = (z, 1 ⊗ dz) (resp.
β(e) = (e, 1⊗ d log e). They define a morphism η0 = (α, β) : (OZ ,L)→ (OT ,MT ).
By the universal property of the log pd-envelope, η0 induces an OY -pd-morphism
η : (OD,MD)→ (OT ,MT ). We see that this morphism is a section of the canonical
projection map (OT ,MT ) → (OD,MD). The morphisms d′ : OD η−→ OT pr−→ E
and d′ log :MD η−→MT pr−→ E define a log derivation
(d′, d′ log) : (OD,MD)→ OD ⊗OX′ Λ1(X′,M′)/(Y,N ) ' OD ⊗OZ Λ1(Z,L)/(Y,N )
such that d′x[n] = x[n−1] ⊗ dx for all x ∈ J and n ≥ 1, and d′ logm = 1⊗ d logm
for all m ∈ L. Uniqueness is easy. 
The log derivation extends to a graded algebra OD ⊗OX′ Λ•(X′,M′)/(Y,N ). We
denote by Λ˘•(D,MD)/(Y,N ) the log pd de Rham complex of (D,MD) over (Y,N )
with respect to the pd-structure [ ] on (D,J ). The universal property of the log
pd de Rham complex induces a map Λ˘•(D,MD)/(Y,N ) → OD ⊗OX′ Λ•(X′,M′)/(Y,N )
of OY -algebras. This map is isomorphism by the same proof to [Ill79] Proposition
0.3.1.6.
6.2. Comparison morphism. Let R be a Z(p)-algebra, in which p is nilpotent.
Let (X,M) → Spec(R,P ) be a morphism of fine log schemes and we assume that
the pd-structure of W (R) extends to X. We have the natural morphism
um : ((X,M)/Wm(R,P ))logcrys → Xe´t
from the log crystalline topos to the e´tale topos. We write the structure sheaf of
the log crystalline site O(X,M)/Wm(R,P ) as Om.
Define a morphism
Rum∗Om →WmΛ•(X,M)/(R,P )
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in the derived category D+(X,Wm(R)) of sheaves of Wm(R)-modules on Xe´t as
follows:
First, we consider the case that (X,M) has an embedding into a log smooth
scheme (Y,N ) over (R,P ) such that (Y,N ) has a log Witt lift ((Ym,Nm),∆m).
We already know such embedding exists e´tale locally on X by [HK94] (2.9.2) and
Lemma 5.5. There exists the following commutative diagram:
(X,M) //
w0

(Y,N )
w0

// (Ym,Nm)
Wm(X,M) // Wm(Y,N ).
∆m
88
The left vertical arrow w0 : (X,M) → Wm(X,M) defines a log pd-thickening
relative to the canonical pd-structure on VWm(R).
Then the morphism Wm(X,M)→ (Ym,Nm) factors through a morphism
µm : Wm(X,M)→ (Y m,Nm),
where (Y m,Nm) is the log pd-envelope of the closed immersion (X,M)→ (Ym,Nm)
with respect to the canonical pd-structure on VWm(R). Then we have an isomor-
phism in D+(X,Wm(R))
Rum∗Om → OYm ⊗OYm Λ•(Ym,Nm)/Wm(R,P ).
Since X → Y m is a nilimmersion, we can consider the right hand side as a sheaf
on Xe´t.
By the discussion in §6.1, we have an isomorphism
Λ˘•
(Ym,Nm)/Wm(R,P ) ' OYm ⊗OYm Λ
•
(Ym,Nm)/Wm(R,P ).
We define the comparison morphism as follows:
OYm ⊗OYm Λ•(Ym,Nm)/Wm(R,P ) //
∼

WmΛ
•
(X,M)/(R,P )
Λ˘•
(Ym,Nm)/Wm(R,P )
µm // Λ˘•Wm(X,M)/Wm(R,P ).
OO
One can show this comparison morphism is independent of embeddings and Witt
lifts using the fibered product argument in [Ill79] II.1.1.
Next, we treat general cases. Recall the definition of embedding system ([HK94]
p.237) :
Definition 6.3. Let f : (X,M)→ (S,L) be a morphism of fine log schemes such
that the underlying morphism X → S is locally of finite type, an embedding system
for f is a pair of simplicial objects (X•,M•) and (Z•,N •) in the category of fine
log schemes endowed with morphism
(X•,M•)→ (X,M), (X•,M•)→ (Z•,N •), (Z•,N •)→ (S,L)
satisfying the following conditions (i)-(iv).
(i) The diagram
(X•,M•) //

(Z•,N •)

(X,M) // (S,L)
is commutative.
(ii) The morphism X• → X is a hypercovering for the e´tale topology andMi is
the inverse image of M on Xi for each i ≥ 0.
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(iii) Each (Zi,N i)→ (S,L) is log smooth.
(iv) Each (Xi,Mi)→ (Zi,N i) is closed immersion.
Let {X(i)}i∈I be an e´tale covering of X such that each X(i) can be embedded
to a log smooth scheme Y (i) which has a log Witt lift {Ym(i)}m. Set
X(i1, . . . , ir) := X(i1)×X · · · ×X X(ir),
Ym(i1, . . . , ir) := Ym(i1)×Wm(R,P ) · · · ×Wm(R,P ) Ym(ir).
Then X(i1, . . . , ir) → Ym(i1, . . . , ir) is closed immersion since X is separated. For
r ∈ N, let
Xr :=
∐
i1,...,ir∈I
X(i1, . . . , ir), Y
r
m :=
∐
i1,...,ir∈I
Ym(i1, . . . , ir).
We get an embedding system X• → Y •m. We denote by Y
•
m the log pd-envelope with
respect to this closed immersion. Let θ : (X•)∼e´t → X∼e´t be the natural augmentation
morphism.
By the liftable case, we have a morphism
OY •m ⊗OY •m Λ
•
(Y •m,N•m)/Wm(R,P ) →WmΛ
•
(X•,M•)/(R,P ).
Applying Rum∗ to both sides, we get the comparison morphism
Rum∗Om →WmΛ•(X,M)/(R,P ).
This is because the canonical morphism
Rum∗Om → Rθ∗(OY •m ⊗OY •m Λ
•
(Y •m,N•m)/Wm(R,P ))
is quasi-isomorphism by [HK94] Proposition 2.20 and we have a natural isomor-
phism
Rθ∗WmΛ•(X•,M•)/(R,P ) 'WmΛ•(X,M)/(R,P )
from the e´tale base change property of log de Rham-Witt complexes.
We prove that the comparison morphism is compatible with the Frobenius struc-
ture (cf. [LZ04] Proposition 3.6). Frobenius morphisms and multiplications by p
Wm(OX) F // Wm−1(OX) M ×p //M
Wm(R)
F //
OO
Wm−1(R)
OO
P
×p //
OO
P
OO
defines a map of log de Rham complexes
Λ•(Wm(X),Wm(M))/Wm(R,P ) → Λ•(Wm−1(X),Wm−1(M))/Wm−1(R,P )
and it factors F : WmΛ•(X,M)/(R,P ) → Wm−1Λ•(X,M)/(R,P ). We have F = pjF on
WmΛ
j
(X,M)/(R,P ) because d
F ξ = pF dξ for ξ ∈ Wm(OX) and d logmp = pd logm
for m ∈Wm(M).
Let (X0,M0) := (X,M) × Fp and R0 := R ⊗ Fp. Consider the commutative
diagram:
X0
Frob //

X0

SpecWm−1(R)
F // SpecWm(R).
It induces a map
Rum∗O(X0,M0)/Wm(R0,P ) → Rum−1∗O(X0,M0)/Wm−1(R0,P ),
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where um : ((X0,M0)/Wm(R0, P ))logcrys → (X0)e´t = Xe´t is the canonical morphism
of topoi. We have a canonical isomorphism
Rum∗O(X0,M0)/Wm(R0,P ) → Rum∗O(X,M)/Wm(R,P ).
So we obtain F : Rum∗Om → Rum−1∗Om−1.
Proposition 6.4. We have a commutative diagram:
Rum∗Om //
F

WmΛ
•
(X,M)/(R,P )
F

Rum−1∗Om−1 // Wm−1Λ•(X,M)/(R,P ).
Proof. By the simplicial method as above, we can assume that (X,M) is embedded
in a log smooth scheme (Y,N ) which admits a log Frobenius lift {(Ym,Nm)}m. Let
Φm : (Ym−1,Nm−1) → (Ym,Nm) be the given lift of the absolute Frobenius. The
map F : Rum∗Om → Rum−1∗Om−1 is represented by the map
OYm ⊗OYm Λ•(Ym,Nm)/Wm(R,P ) → OYm−1 ⊗OYm−1 Λ•(Ym−1,Nm−1)/Wm−1(R,P )
which is induced by Φm.
By the properties of log Frobenius lifts, we have a commutative diagram
OYm ⊗OYm Λ•(Ym,Nm)/Wm(R,P ) //
F

WmΛ
•
(X,M)/(R,P )
F

OYm−1 ⊗OYm−1 Λ•(Ym−1,Nm−1)/Wm−1(R,P ) // Wm−1Λ•(X,M)/(R,P )
and this is identified to the diagram in the proposition. 
7. Comparison theorem
Let R be a Z(p)-algebra such that p is nilpotent in R.
7.1. NCD case. Let Y be a log scheme over S = SpecR. We assume that the
structure morphism Y → S has e´tale locally on Y a decomposition
Y
u−→ Spec(A = R[T1, . . . , Tn], P = Ne⊕Nf )→ SpecR
with u exact and e´tale (in the usual sense), 1 ≤ e ≤ n, f ≥ 0, and (A,P ) is the
pre-log ring we discussed in §4.1. If X is a smooth scheme and D is a normal
crossing divisor on X, the log scheme (X,D) satisfies this condition.
First we consider the log scheme X := Spec(A = R[T1, . . . , Tn], P = Ne⊕Nf ).
Let (Am = Wm(R)[T1, . . . , Tn], P ) be the pre-log ring of the type we discussed in
§4.1. Then Xm := Spec(Am, P ) is a lift of X over Wm(R). Let φm : Am+1 → Am
be the morphism defined by F : Wm+1(R) → Wm(R) and Ti → T pi for 1 ≤ i ≤ n.
The morphism φm and the multiplication by p morphism ×p : P → P define a
morphism of log schemes Φm : Xm → Xm+1. Let δm : Am → Wm(A) be the
morphism induced by the canonical morphism Wm(R) → Wm(A) and Ti 7→ [Ti]
for 1 ≤ i ≤ n. We denote by ∆m : Wm(X)→ Xm the morphism corresponding to
δm and the identity morphism on P . The pair (Xm,∆m) defines the comparison
morphism
Λ•Xm/Wm(R) →WmΛ•X/R.
If f = 0, the family (Xm,Φm,∆m)m is a log Frobenius lift of X and the comparison
morphism coincides with the morphism induced by the log Witt lift (Xm,∆m)m in
§6.
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Theorem 7.1. The comparison morphism
Λ•Xm/Wm(R) →WmΛ•X/R
is a quasi-isomorphism. This morphism is functorial.
Proof. We prove that the canonical comparison morphism of complexes
Λ•(Am,P )/Wm(R) →WmΛ•(A,P )/R
is a quasi-isomorphism. We have a decomposition of complexes
WmΛ
•
(A,P )/R = WmΛ
int,•
(A,P )/R ⊕WmΛfrac,•(A,P )/R,
where WmΛ
int,•
(A,P )/R (resp. WmΛ
frac,•
(A,P )/R) is the integral part (resp. the fractional
part). By the formula of derivation on log basic Witt differentials given in §4, we
see that WmΛ
frac,•
(A,P )/R is acyclic. The comparison morphism maps Λ
•
(Am,P )/Wm(R)
isomorphically to the complex WmΛ
int,•
(A,P )/R because the comparison map sends the
log p-basic differential(∏
i∈J
d log ci
)
·
 ∏
i∈I−∞
d log Ti
 · T kI0 (p−ordpkI1dT kI1 ) · · · (p−ordpkIldT kIl )
to the following log basic Witt differential:(∏
i∈J
d log ci
)
·
 ∏
i∈I−∞
d logXi
 ·XkI0 (F−t(I1)dXpt(I1)kI1 ) · · · (F−t(Il)dXpt(Il)kIl ).

Theorem 7.2. Let Y be a smooth scheme over R and D be a normal crossing
divisor of Y . Then the canonical homomorphism
Ru(Y,D)/Wm(R)∗O(Y,D)/Wm(R) →WmΛ•(Y,D)/R
is an isomorphism in D+(Y,Wm(R)). Moreover, if R is Noetherian and Y is proper
over R, we have a canonical isomorphism
H∗log-crys((Y,D)/W (R))→ H∗e´t(Y,WΛ•(Y,D)/R).
Proof. Using the similar method of [LZ04] Theorem 3.5, we may assume that
(Y,D) = Spec(A = R[T1, . . . , Tn], P = Ne), where the log structure is given by ei 7→
Ti. There is the canonical log Frobenius lift (Spec(Wm(R)[T1, . . . , Tn], P ),Φm,∆m)m
of (Y,D). Since the pre-log ring (A,P ) is log smooth over R, the comparison mor-
phism of §4.1 becomes the map Λ•(Am,P )/Wm(R) → WmΛ•(A,P )/R. Hence the first
claim follows from Theorem 7.1. The proof of the second claim is similar to that of
Theorem 2.11. 
7.2. Semistable case. We prove the comparison theorem for semistable log schemes.
Let (Y,M) be a log scheme over S = Spec(R,N) of the following type:
E´tale locally on Y , the structure morphism Y → S has a decomposition
Y
u−→ Spec(A = R[T1, . . . , Tn]/(T1 · · ·Td), P = Ne⊕Nf ) δ−→ S
with u exact and e´tale (in the usual sense), 1 ≤ d ≤ e ≤ n, f ≥ 0, (A,P ) is the pre-
log ring we discussed in §4.2, and δ is induced by the diagonal map N→ Ne⊕Nf .
Obviously, semistable log schemes over S (Definition 2.4 (2)) satisfy this condition.
Set
WmΛ˜
• = WmΛ•Y/(R,{∗}),WmΛ
• = WmΛ•Y/(R,N).
Let tm ∈ Wm(M) be the image of the base of N under the morphism N →M →
Wm(M) and θm = d log tm ∈WmΛ˜1.
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Lemma 7.3. We have the following exact sequence:
0→Wm(OY ) = WmΛ˜0 ∧θm−−−→WmΛ˜1 ∧θm−−−→WmΛ˜2 ∧θm−−−→ · · · .
Proof. It is easy to see that this is a chain complex. Since the question is local and
using the e´tale base change property, we can assume that
Y = Spec(A = R[T1, . . . , Tn]/(T1 · · ·Td), P = Ne⊕Nf ).
By Proposition 4.7 there exists a decomposition
WmΛ
•
(A,P )/R = WC
•
(A,P )/R ⊕WC
′•
(A,P )/R.
Define c : WmΛ
•
(A,P )/R → WmΛ•−1(A,P )/R by (a, b ∧ θm) 7→ b. It is easy to see
(∧θm) ◦ c+ c ◦ (∧θm) = id. 
Lemma 7.4. The canonical morphism WmΛ˜
• →WmΛ• induces an isomorphism
WmΛ˜
•/(WmΛ˜•−1 ∧ θm) 'WmΛ•.
we have an exact sequence:
0→WmΛ•−1 ∧θm−−−→WmΛ˜• →WmΛ• → 0.
Proof. It can be easily seen that the surjective morphism WmΛ˜
• → WmΛ• factors
WmΛ˜
•/(WmΛ˜•−1 ∧ θm) and {WmΛ˜•/(WmΛ˜•−1 ∧ θm)} is a log F -V -procomplex
over (Y,MY )/(R,N). This implies the canonical surjective map
Λ•Wm(Y,MY )/Wm(R,{∗}) →WmΛ˜•/(WmΛ˜•−1 ∧ θm)
factors Λ•Wm(Y,MY )/Wm(R,N).
Let {E•m} be any log F -V -procomplex over (Y,M)/(R,N). There is a mor-
phism {WmΛ˜•/(WmΛ˜•−1 ∧ θm)} → {E•m} of log F -V -procomplexes obtained by
the composition
{WmΛ˜•/(WmΛ˜•−1 ∧ θm)} → {WmΛ•} → {E•m},
where the second arrow is induced by the universal property of {WmΛ•}. Moreover,
it is unique morphism that fits into the following diagram
{Λ•Wm(Y,M)/Wm(R,{∗})} //
**
{WmΛ˜•/(WmΛ˜•−1 ∧ θm)}

{E•m}
because the top arrow is surjective. Hence we proved {WmΛ˜•/(WmΛ˜•−1 ∧ θm)}
has the universal property and {WmΛ˜•/(WmΛ˜•−1∧θm)} → {WmΛ•} is an isomor-
phism. The second claim follows from the isomorphism and Lemma 7.3. 
Let X = Xd,e,n,f := Spec(R[T1, . . . , Tn]/(T1 · · ·Td),Ne⊕Nf ) be the log scheme
corresponding to the pre-log ring of §4.2 over S = Spec(R,N) for 1 ≤ d ≤ e ≤
n, f ≥ 0. Consider the closed subschemes Z1 := V (T1 · · ·Td−1) and Z2 := V (Td)
and Z = Z1 ∩ Z2 of X endowed with the inverse image log structure of X. We
find Z1 ' Xd−1,e,n,f , Z2 ' X1,e,n,f , Z ' Xd−1,e−1,n−1,f+1. If Ii := ker(OX →
OZi) (i = 1, 2), we see I1 + I2 = ker(OX → OZ) and I1 ∩ I2 = 0. Then we get the
following exact sequence of OX -modules:
0→ OX → OX/I1 ⊕OX/I2 → OX/(I1 + I2)→ 0.
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The log differential sheaf Λ1X/S is a free OX -module because Λ1X/S is the quotient
of
e⊕
i=1
OXd log Ti ⊕
n⊕
i=e+1
OXdTi ⊕
f⊕
i=1
OXd log ci
divided by the submodule generated by d log T1+· · ·+d log Te+d log c1+· · ·+d log cf .
Hence we obtain the exact sequence
0→ Λ•X/S → (OX/I1 ⊗OX Λ•X/S)⊕(OX/I2 ⊗OX Λ•X/S)
→ OX/(I1 + I2)⊗OX Λ•X/S → 0.
Since closed immersions Zi ↪→ X (i = 1, 2) and Z ↪→ X are exact closed
immersions defined by a coherent sheaf of ideals of MX , canonical morphisms
OX/Ii ⊗OX Λ•X/S → Λ•Zi/S (i = 1, 2) and OX/(I1 + I2) ⊗OX Λ•X/S → Λ•Z/S are
isomorphisms (Chapter IV, Corollary 2.3.3 of [Ogu06]). So we obtain the exact
sequence
0→ Λ•X/S → Λ•Z1/S ⊕ Λ•Z2/S → Λ•Z/S → 0.
We prove the existence of Mayer-Vietoris exact sequences for the de Rham-Witt
complex in semistable cases. We write WmΛ
•
X/(R,{∗}) as WmΛ˜
•
X/S , and so on.
Define K˜i := Wm(Ii)WmΛ˜•X/S + dWm(Ii)WmΛ˜•−1X/S ⊂ WmΛ˜•X/S (i = 1, 2). From
the fact Wm(I1) +Wm(I2) = Wm(I1 + I2), K˜1 + K˜2 is equal to
Wm(I1 + I2)WmΛ˜•X/S + dWm(I1 + I2)WmΛ˜•−1X/S .
Then from Proposition 3.11 (2) we get WmΛ˜
•
Zi/S
' WmΛ˜•X/S/K˜i (i = 1, 2) and
WmΛ˜
•
Z/S 'WmΛ˜•X/S/(K˜1 + K˜2).
Lemma 7.5. The following sequence is exact:
0→WmΛ˜•X/S →WmΛ˜•Z1/S ⊕WmΛ˜•Z2/S →WmΛ˜•Z/S → 0.
Proof. Since the sequence is identified to
0→WmΛ˜•X/S →WmΛ˜•X/S/K˜1 ⊕WmΛ˜•X/S/K˜2 →WmΛ˜•X/S/(K˜1 + K˜2)→ 0,
it suffices to show that the morphism WmΛ˜
•
X/S → WmΛ˜•Z1/S ⊕WmΛ˜•Z2/S is injec-
tive. Let ω ∈WmΛ˜•X/S be an element of the kernel of this morphism. By Corollary
4.6, we see ω is uniquely written as a finite sum of log basic Witt differentials∑
k,P,J m(ξk,P,J , k,P, J), ξk,P,J ∈ V
u(k+)
Wm−u(k+)(R) where k runs through all
weights such that [1, d] 6⊂ Supp+ k, pm−1 · k+ is integral and J runs through all
subsets of [1, f ]. The image of ω in WmΛ˜
•
Z1/S
is the sum of log basic Witt differen-
tials m(ξk,P,J , k,P, J) of WmΛ˜•Z1/S such that [1, d− 1] 6⊂ Supp+ k. Similarly, the
image in WmΛ˜
•
Z2/S
is the sum of log basic Witt differentials m(ξk,P,J , k,P, J) of
WmΛ˜
•
Z2/S
such that d /∈ Supp+ k. If we apply Corollary 4.6 again to Z1 (resp. Z2),
we get ξk,P,J = 0 for k that satisfies [1, d− 1] 6⊂ Supp+ k (resp. d /∈ Supp+ k). We
conclude ω = 0. 
Proposition 7.6. The following sequence is exact:
0→WmΛ•X/S →WmΛ•Z1/S ⊕WmΛ•Z2/S →WmΛ•Z/S → 0.
Proof. We prove by induction on the degree. Since we have an exact sequence
0→Wm(OX)→Wm(OX/I1)⊕Wm(OX/I2)→Wm(OX/(I1 + I2))→ 0,
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the sequence is exact on degree zero. From Lemma 7.4 and Lemma 7.5, we get the
following exact commutative diagram
0

0 // WmΛ
i−1
X
∧θm //

WmΛ˜
i
X
//

WmΛ
i
X
//

0
0 // WmΛ
i−1
Z1
⊕WmΛi−1Z2
∧θm⊕∧θm
//

WmΛ˜
i
Z1
⊕WmΛ˜iZ2 //

WmΛ
i
Z1
⊕WmΛiZ2 //

0
0 // WmΛ
i−1
Z
∧θm // WmΛ˜iZ //

WmΛ
i
Z
// 0.
0
Using this diagram and nine-lemma, the proposition follows by induction. 
For X = Spec(A = R[T1, . . . , Tn]/(T1 · · ·Td), P = Ne⊕Nf ), we set Xm by
Xm := Spec(Am := Wm(R)[T1, . . . , Tn]/(T1 · · ·Td), P ).
There are morphisms of log schemes Φm : Xm → Xm+1 and ∆m : Wm(X) →
Xm as the case of Spec(R[T1, . . . , Tn],Ne⊕Nf ). The pair (Xm,∆m) defines the
comparison morphism
Λ•Xm/Sm →WmΛ•X/R.
If d = e and f = 0, the family (Xm,Φm,∆m)m is a log Frobenius lift of X and
the comparison morphism coincides with the morphism induced by the log Witt
lift (Xm,∆m)m in §6.
Lemma 7.7. Assume d = 1. Let Xm = Spec(Am = Wm(R)[T1, . . . , Tn]/(T1), P =
Ne⊕Nf ) be the canonical lift of X over Sm = Spec(Wm(R),N). Then the compar-
ison morphism
Λ•Xm/Sm →WmΛ•X/S
is a quasi-isomorphism.
Proof. First, we consider two log structures on a ring A = R[T1, . . . , Tn]/(T1) over
(R,N). The one is defined by
Ne⊕Nf → A : Ne 3 e1 7→ 0, ei 7→ Ti (i 6= 1), Nf 3 ci 7→ 0
and the diagonal morphism N→ Ne⊕Nf .
The other one is given by a diagram
(1, 0, 0) Q := N⊕Ne−1⊕Nf // A
1
_
OO
N //
OO
R,
OO
where the upper horizontal morphism is induced by
(0, ei, 0) 7→ Ti, (1, 0, 0) 7→ 1, (0, 0, ci) 7→ 0.
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The morphism of monoids Q→ Ne⊕Nf defined by
(1, 0, 0) 7→ (1, (1, . . . , 1), (1, . . . , 1)),
(0, ei, 0) 7→ (0, ei, 0), 1 ≤ i ≤ e− 1,
(0, 0, ci) 7→ (0, 0, ci), 1 ≤ i ≤ f
gives a map (A,Q)→ (A,Ne⊕Nf ) of pre-log rings over (R,N).
There is also another log structure onA over (R, {∗}), which is given by Ne−1⊕Nf →
A that sends ei to Ti for 1 ≤ i ≤ e− 1. We get a diagram
(A,Ne−1⊕Nf ) // (A,Q) // (A,Ne⊕Nf )
(R, {∗})
OO
// (R,N)
OO
(R,N).
OO
We also have a similar diagram for Am = Wm(R)[T1, . . . , Tn]/(T1).
They induce a diagram:
Λ•
(Am,Ne−1⊕Nf )/(Wm(R),{∗})
α1 //

Λ•(Am,Q)/(Wm(R),N)
α2 //

Λ•
(Am,Ne⊕Nf )/(Wm(R),N)

WmΛ
•
(A,Ne−1⊕Nf )/(R,{∗})
β1 // WmΛ•(A,Q)/(R,N)
β2 // WmΛ•(A,Ne⊕Nf )/(R,N).
It is easy to see that α1 is an isomorphism. α2 is also an isomorphism because the
canonical morphism Qgp → Ze ⊕ Zf induced by Q → Ne⊕Nf is an isomorphism.
We also have isomorphisms
Λ•(Wm(A),Ne−1⊕Nf )/(Wm(R),{∗}) ' Λ•(Wm(A),Q)/(Wm(R),N) ' Λ•(Wm(A),Ne⊕Nf )/(Wm(R),N)
by the same reason.
By the construction of the log de Rham-Witt complexes, β1 and β2 are also
isomorphisms. Hence we only have to show
Λ•(Am,Ne−1⊕Nf )/(Wm(R),{∗}) →WmΛ•(A,Ne−1⊕Nf )/(R,{∗})
is a quasi-isomorphism, but this is Theorem 7.2. 
Theorem 7.8. Let Xm = Spec(Am = Wm(R)[T1, . . . , Tn]/(T1 · · ·Td), P = Ne⊕Nf )
be the canonical lift of X over Sm = Spec(Wm(R),N). Then the comparison mor-
phism
Λ•Xm/Sm →WmΛ•X/S
is a quasi-isomorphism.
Proof. The comparison morphisms are compatible with the Mayer-Vietoris sequence,
i.e., the following diagram commutes:
0 // Λ•Xm/Sm
//

Λ•(Z1)m/Sm ⊕ Λ•(Z2)m/Sm //

Λ•Zm/Sm
//

0
0 // WmΛ•X/S // WmΛ
•
Z1/S
⊕WmΛ•Z2/S // WmΛ•Z/S // 0.
Consider the long exact sequences of hypercohomology and using descending in-
duction, it suffices to show when d = 1 and it follows from Lemma 7.7. 
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Theorem 7.9. Let (Y,M) be a semistable log scheme over the pre-log ring (R,N).
Then the canonical homomorphism
Ru(Y,M)/Wm(R,N)∗O(Y,M)/Wm(R,N) →WmΛ•(Y,M)/(R,N)
is an isomorphism in D+(Y,Wm(R)). Moreover, if R is Noetherian and Y is proper
over R, we have a canonical isomorphism
H∗log-crys((Y,M)/W (R,N))→ H∗e´t(Y,WΛ•(Y,M)/(R,N)).
Proof. This follows from Theorem 7.8 by the similar proof to that of Theorem
7.2. 
8. Weight spectral sequence and its degeneration for semistable
schemes
In this section, we define the p-adic Steenbrink complex for proper strictly
semistable log schemes. First we recall some facts about topology of log struc-
tures.
8.1. Topology of log structure. We recall some facts about the topology of log
structures ([Shi02] §1.1, [Ols03] Appendix).
Definition 8.1. ([Shi02] Definition 1.1.1) A fine log scheme (X,M) is said to be of
Zariski type if there exists an open covering X =
⋃
iXi with respect to the Zariski
topology such that each (Xi,M|Xi) admits a chart.
Remark 8.2. If X is a smooth scheme with simple normal crossing divisor D, the
log scheme (X,D) is a fine log scheme of Zariski type. A strictly semistable log
scheme is also a fine log scheme of Zariski type.
Let X be a scheme and τ : Xe´t → XZar be the canonical morphism of topoi.
For a log structure (M, α) on X, the log structure (τ∗M, τ∗α) with respect to the
Zariski topology on X is defined by
τ∗α : τ∗M τ∗α−−→ τ∗OXe´t = OXZar .
Conversely, for a log structure (M′, α′) with respect to the Zariski topology, we
define the log structure (τ∗M′, τ∗α′) on X as the associated log structure to the
pre-log structure
τ−1M′ τ
−1α′−−−−→ τ−1OXZar → OXe´t .
The pair (τ∗, τ∗) induces an equivalence of categories(
Fine log schemes
of Zariski type
)
'
(
Fine log schemes with
respect to the Zariski topology
)
([Shi02] Corollary 1.1.11, [Ols03] Theorem A.1).
Remark 8.3. Let f : (X,M) → (Y,N ) be a morphism of fine log schemes with
respect to the Zariski topology. Then for m ≥ 1, there is a quasi-coherent sheaf
WmΛ
•
(X,M)/(Y,N ) on XZar that satisfies the following condition: If there is a com-
mutative diagram
U = Spec S′ // _

V = Spec R′ _

X
f // Y,
where vertical arrows are open immersions and there is a chart (Q → M|U , P →
N|V , P → Q) of the morphism (U,M|U ) → (V,N|V ). Then we have a canonical
isomorphism
Γ(U,WmΛ
•
(X,M)/(Y,N )) 'WmΛ•(S′,Q)/(R′,P ).
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This follows from the similar argument to that of Proposition-Definition 3.10.
We see that WmΛ
•
(X,M)/(Y,N ) is equal to the complex of e´tale sheaves defined by
U 7→ Γ(U, (Wm(pi))∗(WmΛ•(X,M)/(Y,N )))
for any object pi : U → X in Xe´t by Proposition 3.7. Hence
HqZar(X,WmΛ
•
(X,M)/(Y,N )) ' Hqe´t(X,WmΛ•(X,M)/(Y,N ))
by [Fu11] Proposition 5.7.5.
In §8, we consider strictly semistable log schemes as fine log schemes with respect
to the Zariski topology. By abuse of notation, we write WmΛ
•
(X,M)/(Y,N ) for the
log de Rham-Witt complex with respect to the Zariski topology. We use the setting
of §7.2.
8.2. Poincare´ residue map. Let Y be a proper strictly semistable log scheme
over S = Spec(R,N) such that R is Noetherian and Y1, . . . , Yd its irreducible com-
ponents. For a subset J = {α1, . . . , αj} of [1, d], we set YJ := Yα1 ∩ · · · ∩ Yαj . We
give a filtration Pj of WmΛ˜
• := WmΛ˜•Y/S by
PjWmΛ˜
i := image(WmΛ˜
j ⊗Wm(OY˚ ) WmΩ
i−j
Y˚ /R
→WmΛ˜i),
where WmΩ
•
Y˚ /R
denotes the (classical) de Rham-Witt complex defined in [LZ04].
We first define a map
ρ˜J : WmΩ
•−j
Y˚ /R
→ GrjWmΛ˜• := PjWmΛ˜•/Pj−1WmΛ˜•
by ω 7→ ω ∧ d log[Tα1 ]∧ · · · ∧ d log[Tαj ], where T1, . . . , Tn are local coordinates of Y
such that each Yi corresponds to Ti = 0. One can show this map is independent of
the choice of local coordinates by a similar proof to [Del70] (3.5) . Let IJ be the
ideal of OY˚ corresponding to the closed immersion iJ : YJ ↪→ Y . We would like
to show that ρ˜J factors through iJ∗WmΩ
•−j
Y˚J/R
. For this, it suffices to show that
ρ˜J(aω) = ρ˜J(da∧ω) = 0 for any a ∈Wm(IJ) and ω ∈WmΩ•−jY˚ /R. Any a ∈Wm(IJ)
can be written as a finite sum:
a =
m−1∑
i=0
V i [c
(i)
1 Tα1 + · · ·+ c(i)j Tαj ],
where c
(i)
l ∈ OY˚ . Hence we can assume a = V
i
[c1Tα1 + · · · + cjTαj ]. By [DLZ12]
Proposition 2.23, we have an expression
[c1Tα1 + · · ·+ cjTαj ] =
∑
k:weight,|k|=1
βk[Tα1 ]
k1 · · · [Tαj ]kj , βk ∈ V
u(k)
Wm(R),
where k : [1, j]→ Z≥0[1/p] runs through weights such that |k| = k1 + · · ·+ kj = 1.
For a weight k, let u(k) denote the least nonnegative integer such that pu(k)k is
integral. If β = V
u(k)
η, the expression β[Tα1 ]
k1 · · · [Tαj ]kj means
V u(k)(η[Tα1 ]
pu(k)k1 · · · [Tαj ]p
u(k)kj ).
Note that pu(k)k1, . . . , p
u(k)kj ∈ Z≥0.
Without loss of generality, we may assume that a = V
t
(η[Tα1 ]
l1 · · · [Tαj ]lj ) with
η ∈ Wm(R), t, l1, . . . , lj nonnegative integers such that at least one of l1, . . . , lj is
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positive. We have
(V
t
(η[Tα1 ]
l1 · · · [Tαj ]lj ) · ω) ∧ d log[Tα1 ] ∧ · · · ∧ d log[Tαj ]
= V
t
(η[Tα1 ]
l1 · · · [Tαj ]lj · F
t
ω ∧ d log[Tα1 ] ∧ · · · ∧ d log[Tαj ])
≡ 0 modulo Pj−1WmΛ˜•
since at least one of l1, . . . , lj is positive. Hence we see ρ˜J(aω) = 0. Similarly we
see ρ˜J(da ∧ ω) = 0 because
(dV
t
(η[Tα1 ]
l1 · · · [Tαj ]lj ) ∧ ω) ∧ d log[Tα1 ] ∧ · · · ∧ d log[Tαj ]
= dV
t
(η[Tα1 ]
l1 · · · [Tαj ]lj ∧ F
t
ω ∧ d log[Tα1 ] ∧ · · · ∧ d log[Tαj ])
−V t (η[Tα1 ]l1 · · · [Tαj ]lj ∧ F
t
dω ∧ d log[Tα1 ] · · · ∧ d log[Tαj ])
≡ 0 modulo Pj−1WmΛ˜•.
Hence ρ˜J induces the map ρJ : iJ∗WmΩ
•−j
Y˚J/R
→ GrjWmΛ˜•.
Let Y (j) be
∐
|J|=j YJ and i
(j) : Y (j) → Y the canonical map. From the collection
of maps {ρJ}|J|=j we obtain a map i(j)∗ WmΩ•−jY˚ (j)/R → GrjWmΛ˜•. We sometimes
drop i
(j)
∗ when there is no risk of confusion.
Lemma 8.4. i
(j)
∗ WmΩ
•−j
Y˚ (j)/R
→ GrjWmΛ˜• is an isomorphism. We call the in-
verse isomorphism of this map Poincare´ residue isomorphism Res : GrjWmΛ˜
• '
i
(j)
∗ WmΩ
•−j
Y˚ (j)/R
.
Proof. Without loss of generality, we can assume S = SpecR and
Y = Spec(R[T1, . . . , Tn]/(T1 · · ·Td),Nd).
In this case, we find
Y˚J = Spec(R[T1, . . . , T̂α1 , . . . , T̂αj , . . . , Tn])
is the spectrum of a polynomial ring. On the other hand, an element of GrjWmΛ˜
•
has a unique expression as a sum of basic Witt differentials with |I−∞| = j. We
already know the basic Witt differentials on the left hand side ([LZ04] §2.2). Com-
paring the basic Witt differential on both sides, the claim follows. 
8.3. Weight spectral sequence. We are ready to construct the weight filtration
of a strictly semistable log scheme. Put WmA
ij := WmΛ˜
i+j+1/PjWmΛ˜
i+j+1.
Lemma 8.5. There exists the following exact sequences:
0→WmΛi θm∧−−−→WmAi0 (−1)
iθm∧−−−−−−→WmAi1 (−1)
iθm∧−−−−−−→ · · · .
Proof. It suffice to show the exactness of the following sequence (cf. [Mok93] Propo-
sition 3.15):
WmΛ˜
i−1 θm∧−−−→WmΛ˜i (−1)
iθm∧−−−−−−→WmΛ˜i+1/P0WmΛ˜i+1
(−1)iθm∧−−−−−−→WmΛ˜i+2/P1WmΛ˜i+2 (−1)
iθm∧−−−−−−→ · · · .
We deduce the exactness of this complex by a similar argument to that in Lemma
7.3. 
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We consider WmA
•• as a double complex by
WmA
i,j+1
WmA
i,j
(−1)iθm∧
OO
(−1)j+1d // WmAi+1,j
(cf. [Nak05] (2.2.1;?)). Consider a simple complex
WmA
i• := (· · · (−1)
iθm∧−−−−−−→WmΛ˜i+j+1/PjWmΛ˜i+j+1 (−1)
iθm∧−−−−−−→ · · · )j≥0,
and define a weight filtration on this complex by
PkWmA
i• :=
(· · · (−1)
iθm∧−−−−−−→ (P2j+k+1 + Pj)(WmΛ˜i+j+1)/PjWmΛ˜i+j+1 (−1)
iθm∧−−−−−−→ · · · )j≥0.
If we ignore the compatibility with the Frobenius, we obtain an isomorphism
GrkWmA
∗• =
⊕
j≥max{−k,0}
Gr2j+k+1WmΛ˜
∗+j+1{−j}•
∼−−→
Res
⊕
j≥max{−k,0}
WmΩ
∗
Y˚ (2j+k+1)/R
{−j − k}∗{−j}•,
where, for n ∈ Z, {n}• (resp. {n}∗) denotes the shift of the complex with respect
to • (resp. ∗) by n with the signature of differentials unchanged. Hence we get a
spectral sequence:
E−k,h+k1 =
⊕
j≥max{−k,0}
Hh−2j−kZar (Y˚
(2j+k+1),WmΩ
∗
Y˚ (2j+k+1)/R
)
⇒ HhZar(Y˚ ,WmΛ∗Y/(R,N)).
We would like to construct a spectral sequence also for the non-truncated de
Rham-Witt cohomology. The canonical projection map pi : Wm+1Λ˜
• → WmΛ˜•
satisfies pi(PjWm+1Λ˜
•) ⊂ PjWmΛ˜•. Then pi induces the map
pi : Wm+1A
ij →WmAij
and there exist two commutative diagrams
Wm+1A
i,j+1 pi // WmAi,j+1 Wm+1Aij
pi //
(−1)j+1d

WmA
ij
(−1)j+1d

Wm+1A
ij
(−1)iθm+1∧
OO
pi // WmAij ,
(−1)iθm∧
OO
Wm+1A
i+1,j pi // WmAi+1,j .
Therefore we get a morphism of double complexes
pi : Wm+1A
•• →WmA••.
For any nonnegative integer k, the projection morphism pi : PkWm+1Λ˜
• → PkWmΛ˜•
is surjective by definition. We know WmΛ˜
i is a coherent sheaf of Wm(OY˚ )-module
and there is an exact sequence
0→ Pk−1WmΛ˜i → PkWmΛ˜i Res−−→WmΩi−kY˚ (k)/R → 0.
From this one sees that PkWmΛ˜
i is a quasi-coherent sheaf of Wm(OY˚ )-modules for
each k by induction. Moreover, there exists the following commutative diagram
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with exact rows:
0 // Pk−1Wm+1Λ˜i
pi

// PkWm+1Λ˜i
pi

Res // Wm+1Ω
i−k
Y˚ (k)/R
pi

// 0
0 // Pk−1WmΛ˜i // PkWmΛ˜i
Res // WmΩ
i−k
Y˚ (k)/R
// 0.
This exact sequence and the fact that {PkWmΛ˜•}m satisfy the Mittag-Leffler con-
dition show that the sequence
0→ PkW Λ˜• → Pk+1W Λ˜• Res−−→WΩ•Y˚ (k+1)/R{−k − 1} → 0
is exact. The weight spectral sequence (we ignore Frobenius action)
E−k,h+k1 =
⊕
j≥max{−k,0}
Hh−2j−kZar (Y˚
(2j+k+1),WΩ∗
Y˚ (2j+k+1)/R
)⇒ HhZar(Y˚ ,WΛ∗Y/(R,N))
is deduced from this exact sequence.
8.4. Frobenius compatibility. In this subsection we discuss the Frobenius com-
patibility of the spectral sequence we constructed in the last subsection. We assume
that p is nilpotent in R.
Lemma 8.6. (cf. [Mok93] Proposition 4.12, [Nak05] (10.1.16))
Let j be a nonnegative integer. For 1 ≤ q ≤ j + 1, ι(q) : Y (j+1) ↪→ Y (j) denotes
different closed immersions, and ρ
(q)
m : i
(j)
∗ WmΩ•Y˚ (j)/R → i
(j+1)
∗ WmΩ•Y˚ (j+1)/R be a
morphism induced by ι(q). We set ρm :=
∑j+1
q=1(−1)q+1ρ(q)m . Then there is the
following commutative diagram:
GrjWmΛ˜
• θm∧ //
Res'

Grj+1WmΛ˜
•+1
Res'

WmΩ
•−j
Y˚ (j)/R
(−1)•−jρm // WmΩ
•−j
Y˚ (j+1)/R
.
Proof. Since we can check the commutativity locally, we may work on YJ for some
J = {α1, . . . , αj+1}. For 1 ≤ q ≤ j + 1, let Jq = {α1, . . . , α̂q, . . . , αj+1}. The claim
follows from the commutativity of the following diagram:
GrjWmΛ˜
• θm∧ // Grj+1WmΛ˜•+1
WmΩ
•−j
Y˚Jq/R
(−1)•−j+q−1ρ(q)m //
OO
WmΩ
•−j
Y˚J/R
,
OO
which we can check directly from definitions. 
We describe the Frobenius on torsion p-adic Steenbrink complexes. We assume
that pnR = 0. We mention that for an integer k ≥ n and nonnegative integer j,
the multiplication pk : Wm+1Λ
j → Wm+1Λj factors pk : WmΛj → Wm+1Λj since
pn annihilates
ker(Wm+1Λ
j →WmΛj) = FilmWm+1Λj
= V
m
ΛjY/R + d
VmΛj−1Y/R
(See Proposition 3.6).
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Theorem 8.7. (cf. [Nak05] Proposition 9.8)
Let m, k be two positive integers and j a nonnegative integer.
(1) pn−1+kF : WmΛj →WmΛj is a unique morphism which makes the following
diagram commutative:
Wm+1Λ
j
pn−1+kF

pi // WmΛj
pn−1+kFyy
WmΛ
j
Furthermore, pn−1+kF is compatible with d and pi, i.e., The following two diagrams
commute:
WmΛ
j d //
pn−1+kF

WmΛ
j+1
pn+kF

Wm+1Λ
j pi //
pn−1+kF

WmΛ
j
pn−1+kF

WmΛ
j d // WmΛj+1, Wm+1Λj
pi // WmΛj .
If F˜ : WmΛ
k →WmΛk is the morphism induced by the absolute Frobenius morphism
on Y˚ , the morphism pn−1+kF : WmΛk →WmΛk is equal to pn−1F˜ .
(2) There is a unique morphism Φ˜
(j)
m : WmA
0j → WmA0j which makes the
following diagram commutative:
Wm+1A
0j
F

pi // WmA0j .
Φ˜(j)mxx
WmA
0j
Furthermore, Φ˜
(j)
m is compatible with θm∧ and pi:
WmA
0,j+1
Φ˜(j+1)m // WmA0,j+1 Wm+1A0j
Φ˜
(j)
m+1 //
pi

Wm+1A
0j
pi

WmA
0j
θm∧
OO
Φ˜(j)m // WmA0j ,
θm∧
OO
WmA
0j
Φ˜(j)m // WmA0j .
(3) pn−1+kF : WmΛ˜j →WmΛ˜j is the unique morphism which makes the following
diagram commutative:
Wm+1Λ˜
j
pn−1+kF

pi // WmΛ˜j .
pn−1+kFyy
WmΛ˜
j
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Furthermore, pn−1+kF is compatible with d, (θm∧), pi and pn−1+kF on WmΛj. In
other words, the following diagrams commute:
WmΛ˜
j d //
pn−1+kF

WmΛ˜
j+1
pn+kF

WmΛ˜
j+1
pn−1+kF
// WmΛ˜j+1
WmΛ˜
j d // WmΛ˜j+1, WmΛ˜j
pn−1+kF
//
θm∧
OO
WmΛ˜
j ,
θm∧
OO
WmΛ˜
j
pn−1+kF
//
pi

WmΛ˜
j+1
pi

WmΛ˜
j+1
pn−1+kF
// WmΛ˜j+1
WmΛ˜
j
pn−1+kF
// WmΛ˜j , WmΛj
pn−1+kF
//
θm∧
OO
WmΛ
j , .
θm∧
OO
(4) The morphism pn−1+kF on WmΛ˜j preserves the weight filtration P on WmΛ˜j.
For an integer i ≥ 1, pn−1+iF : WmΛ˜i+•+1 → WmΛ˜i+•+1 induces an endomor-
phism
pn−1+iF : WmAi• →WmAi•
of complexes.
(5) Let i be a positive integer. The following diagrams commute:
Wm+1A
ij
pn−1+iF

pi // WmAij
pn−1+iFxx
WmA
ij
(−1)j+1d//
pn−1+iF

WmA
i+1,j
pn+iF

WmA
ij WmA
ij
(−1)j+1d// WmAi+1,j ,
WmA
i,j+1
pn−1+iF
// WmAi,j+1 Wm+1Aij
pn−1+iF
//
pi

Wm+1A
ij
pi

WmA
ij
(−1)iθm∧
OO
pn−1+iF
// WmAij ,
(−1)iθm∧
OO
WmA
ij
pn−1+iF
// WmAij .
(6) The following diagram is commutative:
WmA
0j
(−1)j+1d //
pn−1Φ˜(j)m

WmA
1j
pnF

WmA
0j
(−1)j+1d // WmA1j .
(7) The following diagram is commutative:
WmΛ˜
j
pn−1+kF
//

WmΛ˜
j

WmΛ
j = WmΛ˜
j/(θm ∧WmΛ˜j−1)
pn−1+kF
// WmΛj = WmΛ˜j/(θm ∧WmΛ˜j−1).
Proof. (1) Uniqueness follows from the surjectivity of pi. Since pn−1+k = pn−1+k ◦
pi and dFω = pF dω, the diagrams commute. We obtain the compatibility with
projections by the compatibility of pi and pn−1+k, pi and F .
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(2) The Poincare´ residue morphism gives an isomorphism
Res : WmA
0j →Wm(OY˚ (j+1))
and there is the Frobenius morphism
Φ(j)m : Wm(OY˚ (j+1))→Wm(OY˚ (j+1)).
Define
Φ˜(j)m := Res
−1 ◦Φ(j)m ◦ Res : WmA0j →WmA0j .
The commutativity of the first diagram is deduced from following commutative
diagram:
Wm+1A
0j
F

pi //
Res
∼
''
WmA
0j
Res
∼ // Wm(OY˚ (j+1))
Φ(j)m

Wm+1(OY˚ (j+1))
pi
66
F ((
WmA
0j ∼
Res
// Wm(OY˚ (j+1)).
The commutativity of second diagram follows from Lemma 8.6 and the commuta-
tivity of ρm and Φ
(j)
m . Third case is trivial.
(3) The proof of (3) is the same as that of (1).
(4)(5) Trivial.
(6) Since we know pi is surjective and pi commutes with d, this follows from the
following commutative diagram:
Wm+1A
0j d //
F

Wm+1A
1j
pF

WmA
0j d // WmA1j .
(7) Trivial. 
Theorem 8.8. (cf. [Nak05] Theorem 9.9) There exists a unique endomorphism
Φ˜
(n;•∗)
m : WmA
•∗ →WmA•∗ of double complexes which makes the following diagram
commutative:
Wm+1A
•∗
pn−1+•F

pi // WmA•∗.
Φ˜(n;•∗)mxx
WmA
•∗
The endomorphism Φ˜
(n;•∗)
m defines an endomorphism Ψ˜
(n)
m : WmA
• → WmA• and
there is the following commutative diagram:
WmA
• Ψ˜
(n)
m // WmA•
WmΛ
•p
n−1Ψm//
θm∧
OO
WmΛ
•,
θm∧
OO
where Ψm is the endomorphism induced by the absolute Frobenius.
The Poincare´ residue isomorphism Res induces an isomorphism
Res : GrkWmA
• '
⊕
j≥max{−k,0}
(WmΩ
•
Y˚ (2j+k+1)/R
, (−1)j+1d){−2j − k}
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which makes the following diagram commutative:
GrkWmA
•
∼
Res //
Ψ˜(n)m

⊕
j≥max{−k,0}(WmΩ
•
Y˚ (2j+k+1)/R
, (−1)j+1d){−2j − k}
pn−1+j+kΨm

GrkWmA
•
∼
Res //⊕
j≥max{−k,0}(WmΩ
•
Y˚ (2j+k+1)/R
, (−1)j+1d){−2j − k}.
Proof. Define Φ˜
(n;•∗)
m by
Φ˜(n;•∗)m =
{
pn−1Φ˜(∗)m (• = 0),
pn−1+∗F (• 6= 0).
The commutativity of the second diagram follows from the following commutative
diagram:
GrkWm+1A
i•
∼
Res //
piF

⊕
j≥max{−k,0}Wm+1Ω
i−j−k
Y˚ (2j+k+1)/R
{−j}
pj+k(pi−j−kF )

GrkWmA
i•
∼
Res //⊕
j≥max{−k,0}WmΩ
i−j−k
Y˚ (2j+k+1)/R
{−j},
which immediately follows from the definition of Res. 
By the comparison theorem 7.9, we obtain the following theorem:
Theorem 8.9. (1) There exists the spectral sequences:
E−k,h+k1 =
⊕
j≥max{−k,0}
Hh−2j−kcrys (Y˚
(2j+k+1)/Wm(R))(−j − k)
⇒ Hhlog-crys(Y/Wm(R,N)).
(2) Set
WΛ• := lim←−mWmΛ
•, WA• := lim←−mWmA
•,
Ψ(n) := lim←−m Ψ
(n)
m : WΛ• →WΛ•, Φ˜(n;•∗) := lim←−m Φ˜
(n;•∗)
m : WA•∗ →WA•∗
Then there exists the spectral sequence:
E−k,h+k1 =
⊕
j≥max{−k,0}
Hh−2j−kcrys (Y˚
(2j+k+1)/W (R))(−j − k)
⇒ Hhlog-crys(Y/W (R,N)).
We call this spectral sequence the p-adic weight spectral sequence.
8.5. Gysin map. In this subsection we describe Gysin maps defined on the de
Rham complexes, the de Rham-Witt complexes and the crystalline cohomology,
and their relation.
Let X be a smooth scheme over a scheme S and D be a smooth divisor of X/S.
The Gysin map of the de Rham complexes GdRD/X : Ω
•
D/S{−1} → Ω•X/S [1] in the
derived category of sheaves on X is equal to the boundary morphism of the exact
sequence (cf. [Mok93] §4.1)
0→ Ω•X/S → Λ•(X,D)/S Res−−→ Ω•D/S{−1} → 0.
Next, We recall the Gysin map of the crystalline cohomology. Note that the
Gysin map in the crystalline cohomology is originally defined by Berthelot [Ber74],
but the construction in [NS08] is convenient for our purpose. Let (S, I, γ) be a
pd-scheme such that p is nilpotent in S. Set S0 := Spec(OS/I). Let X be a
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smooth scheme over S0 and D a smooth divisor on X over S0. We denote by
a the natural closed immersion D ↪→ X . Let aZar : (DZar,OD) → (XZar,OX)
(resp. acrys : ((D/S)crys,OD/S) → ((X/S)crys,OX/S)) be the induced morphism
of Zariski ringed topoi (resp. crystalline ringed topoi). The Gysin map of the
crystalline cohomology is defined as follows.
Choose an open covering X =
⋃
i∈I0 X
i0 such that there exist a smooth scheme
Y i0 with smooth divisor Zi0 on Y i0 over S and a cartesian diagram
Xi0 // Y i0
D|Xi0 //
OO
Zi0 .
OO
Fix a total order on I0 and let I be a category whose objects are i = (i0, . . . , ir)
′s
(i0 < i1 < . . . < ir, r ∈ Z≥0). Set {i} := {i0, . . . , ir}. For two objects i, i′ ∈ I,
a morphism from i′ to i is the inclusion {i′} ↪→ {i}. By abuse of notation, we
sometimes write simply i instead of {i}.
Set Di0 := D|Xi0 . For an object i = (i0, . . . , ir), we set Xi :=
⋂r
s=1X
is , Di :=⋂r
s=1D
is . Then (X•, D•) is a diagram of log schemes, i.e., a contravariant functor
Iop → LogSch
over (X,D). By [NS08] (2.4.0.2), there exists a closed immersion (X•, D•) ↪→
(Y •, Z•) to a diagram of smooth schemes with smooth divisor over S. Let a• :
D• ↪→ X• and b• : Z• ↪→ Y • be diagrams of the natural closed immersions. By
using Poincare´ residue isomorphism, there is the following exact sequence
0→ Ω•Y •/S → Λ•(Y •,Z•)/S Res−−→ b•Zar ∗Ω•Z•/S{−1} → 0.
Let LX•/S (resp. LD•/S) be the linearization functor ([BO78] Construction 6.9)
with respect to the diagram X• ↪→ Y • (resp. D• ↪→ Z•) of closed immersions
of schemes. Let L(X•,D•)/S be the log linearization functor ([NS08] §2.2) with
respect to the diagram (X•, D•) → (Y •, Z•) of closed immersions of log schemes.
Let QX/S : (X/S)Rcrys → (X/S)crys, QX•/S : (X•/S)Rcrys → (X•/S)crys be the
natural morphisms from the restricted crystalline topos to the crystalline topos
([Ber74] IV 2.1). Then we have morphisms
QX/S : ((X/S)Rcrys, Q
∗
X/SOX/S)→ ((X/S)crys,OX/S)
QX•/S : ((X
•/S)Rcrys, Q∗X•/SOX•/S)→ ((X•/S)crys,OX•/S)
of ringed topoi ([Ber74] IV (2.1.1)).
The following diagram is commutative by [NS08] Corollary 2.2.12:
( OZ• -modules
HPD differential operators
)
LD•/S

b•Zar ∗ //
( OY • -modules
HPD differential operators
)
LX•/S

(Crystals of OD•/S-modules)
a•crys ∗ // (Crystals of OX•/S-modules),
where Z
•
(resp. Y
•
) is the pd-envelope of the closed immersion D• ↪→ Z• (resp.
X• ↪→ Y •) over (S, I, γ). Hence we have the following exact sequence:
0→ Q∗X•/SLX•/S(Ω•Y •/S)→ Q∗X•/SLX•/S(Λ•(Y •,Z•)/S)→
Q∗X•/Sa
•
crys ∗LD•/S(Ω
•
Z•/S){−1} → 0
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Let θX/S,crys : (X
•/S)crys → (X/S)crys and θX/S,Rcrys : (X•/S)Rcrys → (X/S)Rcrys
be natural augmentation morphisms of topoi. Similarly, we have augmentation
morphisms
θD/S,crys, θD/S,Rcrys, θ(X,D)/S,crys, θ(X,D)/S,Rcrys.
By [NS08] Proposition 1.6.4, we have the equality of functors Q∗X/SRθX/S,crys ∗ '
RθX/S,Rcrys ∗Q∗X•/S . There is an isomorphism Racrys ∗RθD/S,crys ∗ = RθX/S,crys ∗Ra
•
crys ∗
by [NS08] (1.6.0.13). Since a and a• are closed immersions, we see
Racrys ∗ = acrys ∗, Ra•crys ∗ = a•crys ∗
([Ber74] III Corollaire 2.3.2). So we have the following triangle
Q∗X/SRθX/S,crys ∗LX•/S(Ω
•
Y •/S)→ Q∗X/SRθX/S,crys ∗LX•/S(Λ•(Y •,Z•)/S)
→ Q∗X/Sacrys ∗RθD/S,crys ∗LD•/S(Ω•Z•/S){−1} +−→ .
Let  : (X,D)→ X and • : (X•, D•)→ X• be the canonical morphisms of log
schemes. By the cohomological descent ([NS08] Lemma 1.5.1), we have the natural
isomorphisms (in derived categories)
OX/S ' RθX/S,crys ∗OX•/S ,
O(X,D)/S ' Rθ(X,D)/S,crys ∗O(X•,D•)/S ,
OD/S ' RθD/S,crys ∗OD•/S .
By [NS08] Proposition 2.2.7, we have isomorphisms
OX•/S ' LX•/S(Ω•Y •/S),
O(X•,D•)/S ' L(X•,D•)/S(Λ•(Y •,Z•)/S),
OD•/S ' LD•/S(Ω•D•/S).
We also have isomorphisms
RθX/S,crys ∗LX•/S(Λ•(Y •,Z•)/S) ' RθX/S,crys ∗R•∗L(X•,D•)/S(Λ•(Y •,Z•)/S)
' R∗Rθ(X,D)/S,crys ∗L(X•,D•)/S(Λ•(Y •,Z•)/S).
Hence we have the following triangle
Q∗X/S(OX/S)→ Q∗X/SR∗(O(X,D)/S)→ Q∗X/Sacrys ∗(OD/S){−1} +−→ .
From this triangle, we have the following boundary morphism
GcrysD/X : Q
∗
X/Sacrys ∗(OD/S){−1} → Q∗X/S(OX/S)[1]
in D+(Q∗X/S(OX/S)). Applying the global section functor, we obtain a morphism
GcrysD/X : RΓ((X/S)Rcrys, Q
∗
X/Sacrys ∗(OD/S)){−1} → RΓ((X/S)Rcrys, Q∗X/S(OX/S))[1].
By [Ber74] V Proposition 1.3.1. (1.3.3), the left hand is identified to
RΓ((X/S)Rcrys, Q∗X/Sacrys ∗(OD/S)){−1} ' RΓ((X/S)crys, acrys ∗(OD/S)){−1}
' RΓ((D/S)crys,OD/S){−1}
and the right hand is identified to
RΓ((X/S)Rcrys, Q∗X/S(OX/S))[1] ' RΓ((X/S)crys,OX/S)[1].
Therefore we have the Gysin map
GcrysD/X : RΓ((D/S)crys,OD/S){−1} → RΓ((X/S)crys,OX/S)[1].
The Gysin map GcrysD/X is independent of the choice of the open covering X =⋃
i∈I0 X
i0 and the diagram of embeddings (X•, D•) ↪→ (Y •, Z•) ([NS08] Proposi-
tion 2.8.2).
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We define the Gysin map of the de Rham-Witt complex
GdRWD/X,m : WmΩ
•
D/S{−1} →WmΩ•X/S [1]
by the boundary morphism of the exact sequence
0→WmΩ•X/S →WmΛ•(X,D)/S Res−−→WmΩ•D/S{−1} → 0.
Since restriction maps are surjective, we also have the exact sequence:
0→WΩ•X/S →WΛ•(X,D)/S Res−−→WΩ•D/S{−1} → 0.
Similarly we define GdRWD/X : WΩ
•
D/S{−1} →WΩ•X/S [1].
We consider the compatibility of these Gysin maps. Let S be a scheme over Z(p)
in which p is nilpotent, X a smooth scheme over S and D a smooth divisor of X
over S. We imitate the method in [NS08] §2.4 to make a simplicial log Frobenius
lift.
Take an affine open covering X =
⋃
i∈I0 X
i of X such that there exists an
e´tale morphism Xi → AkiS , and Di := D ∩ Xi = ∅ or Di is defined by the image
of T1 ∈ OAkiS in OXi . Then each X
i (resp. Di) has a canonical Frobenius lift
(in the sense of [LZ04] §3.1) {Xim}m (resp. {Dim}m) and there is a morphism
{Dim}m → {Xim}m of systems which is compatible with the structure of Frobenius
lifts. For i = (i0, . . . , ir) ∈ I, we set Xi :=
⋂r
α=0X
iα and Di :=
⋂r
α=0D
iα . Let
X
(iα,i)
m be the open subscheme of Xiαm defined by the image of X
i → Xiαm . It is
easy to see that the induced morphism Xi → X(iα,i)m is a closed immersion. Set
D
(iα,i)
m := Diαm ∩ X(iα,i)m and X ′im := ×rWm(S),α=0X
(iα,i)
m . The closed immersion
Xi ↪→ X(iα,i)m induce a closed diagonal immersion Xi ↪→ X ′im. We denote by
b : X
′′i
m → X ′im the blow up of X ′im along D′im := ×rWm(S),α=0D
(iα,i)
m . We consider
the complement X
i
m of the strict transform of
r⋃
β=0
(X(i0,i)m × · · · ×X(iβ−1,i)m ×D(iβ ,i)m ×X(iβ+1,i)m × · · · ×X(ir,i)m )
in X
′′i
m ,where fibered products × mean ×Wm(S), fibered products over Wm(S). Let
D
i
m = X
i
m ∩ b−1(D′im) be the exceptional divisor on Xim. Then Dim is a smooth
divisor on X
i
m by [NS08] Theorem 2.4.2. Considering the strict transform of the
image of Xi of the diagonal embedding in X
′i
m, we have a closed immersion Xi ↪→
X
i
m. Moreover, we have D
i
m ×Xim Xi ' Di.
We interpret [NS08] Theorem 2.4.2 in our situation. We consider the case
D
(iα,i)
m 6= ∅ for all 0 ≤ α ≤ r. Then the closed immersion D(iα,i)m ↪→ X(iα,i)m is
defined by a global section x
(iα,i)
m of X
(iα,i)
m , which corresponds to the image of T1
of AkiαWm(S) under the map X
(iα,i)
m → Xiαm → AkiαWm(S). Let A
i
m := rα=0OX(iα,i)m be
the structure sheaf of X
′i
m. Then X
i
m is the spectrum over Wm(S) of the following
sheaf of algebras
Bim,α := Aim[u±1m,1, . . . , u±1m,r]/(x(iα,i)m − um,αx(i0,i)m | 1 ≤ α ≤ r),
where um,α are independent indeterminants and D
i
m corresponds to the equation
x
(i0,i)
m = 0. {Xim}m has a natural structure of Frobenius lift. In fact, the natural
morphism Xiαm−1 → Xiαm induces X(iα,i)m−1 → X(iα,i)m and it maps x(iα,i)m to x(iα,i)m−1 .
Hence we obtain a natural map Bim → Bim−1 and it satisfies Wm−1(OS) ⊗Wm(OS)
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Bim ' Bim−1. Since the following diagram commutes
Xiαm−1
Φiαm

Xiα1 = X
iαoo Xiα/pXiαoo
Frob

Xiαm X
iα
1 = X
iαoo Xiα/pXiαoo
and the absolute Frobenius map Frob and horizontal arrows are homeomorphisms,
Φiαm is also a homeomorphism. It induces a map Φ
(iα,i)
m : X
(iα,i)
m−1 → X(iα,i)m . The
family {Φ(iα,i)m }α defines a map Aim → Aim−1. Since it maps x(iα,i)m to
(
x
(iα,i)
m−1
)p
,
we can extend this map to Bim → Bim−1 by um,α 7→ upm−1,α.
For ∆m, we use the following commutative diagram:
Xi

w0
//
++
Wm(X
i)

X
(iα,i)
m

Xiα
w0 // Wm(Xiα)
∆m // Xiαm .
Since Xi → Xiα is an open immersion, the morphism W (Xi) → W (Xiα) is
also an open immersion. We also know Xi and Wm(X
i) have the same underlying
topological space. Since X
(iα,i)
m → Xiαm is also open, there is a unique map ∆m :
Wm(X
i) → X(iα,i)m which makes the diagram commutative. These maps define
∆m : Wm(X
i) → X ′im. We can define ∆m : Wm(Xi) → Xim using this map and
sending um,α to [u1,α].
We have the following cartesian diagram:
X•

// X•m
D• //
OO
D•m
OO
Let X
•
m (resp. D
•
m) be the pd-envelope of the closed immersion X
• ↪→ X•m
(resp. D• ↪→ D•m). By [NS08] Lemma 2.2.16 (2), the natural morphism D
•
m →
X
•
m ×X•m D•m is an isomorphism.
Let aZar : DZar → XZar be the canonical morphism of Zariski topoi and θX,Zar :
X•Zar → XZar, θD,Zar : D•Zar → DZar be the augmentation morphism. Then the
following commutative diagram shows the compatibility of Gysin maps:
RaZar ∗RuD/Wm(S)∗OD/Wm(S){−1}
∼

Gcrys
D/X // RuX/Wm(S)∗OX/Wm(S)[1]
∼

RaZar ∗Ru¯D/Wm(S)∗Q∗D/Wm(S)OD/Wm(S){−1}
∼

// Ru¯X/Wm(S)∗Q∗X/WmOX/Wm [1]
∼

RaZar ∗RθD,Zar ∗(Ω•D•m/Wm(S)){−1}
GdR
D•m/X•m //
∼

RθX,Zar ∗(Ω•X•m/Wm(S))[1]
∼

RaZar ∗RθD,Zar ∗(WmΩ•D•/S){−1}
GdRWD•/X• // RθX,Zar ∗(WmΩ•X•/S)[1],
where Ω•
D
•
m/Wm(S)
:= OD•m⊗OD•mΩ•D•m/Wm(S),Ω
•
X
•
m/Wm(S)
:= OX•m⊗OX•mΩ•X•m/Wm(S).
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Finally, we consider the relation between the boundary map of E1-term of the
p-adic weight spectral sequence and Gysin maps. Let Y be a stricly semistable
log scheme over S = Spec(R,N). We use the convension of §7.2 and §8.2. Let
GdRWq : WmΩ
•
Y˚ (j+1)/R
{−1} → WmΩ•Y˚ (j)/R[1] be the Gysin map corresponding to
different immersions ι(q) : Y˚ (j+1) → Y˚ (j). We set GdRW := ∑j+1q=1(−1)q+1GdRWq ,
and let d1 be the boundary morphism of the exact sequence
0→ GrjWmΛ˜• → (Pj+1/Pj−1)WmΛ˜• → GrjWmΛ˜• → 0.
Proposition 8.10. (cf. [Mok93] Proposition 4.11) The following diagram is com-
mutative:
Grj+1WmΛ˜
• d1 //
Res

GrjWmΛ˜
•[1]
Res[1]

WmΩ
•
Y˚ (j+1)/R
{−j − 1} G
dRW{−j} // WmΩ•Y˚ (j)/R[1]{−j}.
Proof. Let J = {α1, . . . , αj+1} be a subset of [1, d] and Jq = {α1, . . . , α̂q, . . . , αj+1}.
The residue morphism WmΩ
•
Y˚Jq/R
{−j} → GrjWmΛ˜• naturally extends to a mor-
phismWmΛ
•
(Y˚Jq ,Y˚J )/R
{−j} → (Pj+1/Pj−1)WmΛ˜•. The commutativity follows from
the following commutative diagram with exact rows:
0 // WmΩ•Y˚Jq
{−j}

// WmΛ•(Y˚Jq ,Y˚J )
{−j}

(−1)q+1 Res// WmΩ•Y˚J{−j − 1} //

0
0 // GrjWmΛ˜• // (Pj+1/Pj−1)WmΛ˜• // Grj+1WmΛ˜• // 0.

Proposition 8.11. (cf. [Nak05] Theorem 10.1)
Let ? be a positive integer or nothing. Under the residue isomorphism,
d1 : HhZar(Y˚ , GrkW?A•)→ HhZar(Y˚ , Grk−1W?A•)
is identified with the following morphism:∑
j≥max{−k,0}
[(−1)jGcrys{−2j − k + 1}+ (−1)j+kρ?{−2j − k}] :
⊕
j≥max{−k,0}
Hh−2j−kcrys (Y˚
(2j+k+1)/W?(R))(−j − k)→
⊕
j≥max{−k+1,0}
Hh−2j−k+2crys (Y˚
(2j+k)/W?(R))(−j − k + 1),
where ρ? is the morphism defined in Lemma 8.6.
Proof. We can copy the proof of [Nak05] Theorem 10.1 using Proposition 8.6 and
Proposition 8.10. 
8.6. Degeneration of weight spectral sequence. In this section, we prove that
the weight spectral sequence degenerates up to torsion if the base scheme is a
spectrum of a (not necessarily perfect) field using the method of [Nak05]. Let Y be
a proper strictly semistable log scheme over a field k of characteristic p > 0.
Let s = (Spec k,N⊕k∗) be a log point with structure morphism defined by
N⊕k∗ 3 (a, u) 7→ 0 for a 6= 0 and (0, u) 7→ u. By [Nak00] Lemma 2.2, there is a
subring A1 of k which is finitely generated over Fp and a proper strictly semistable
ON RELATIVE AND OVERCONVERGENT DE RHAM-WITT COHOMOLOGY 49
log scheme Y over s1 = (SpecA1,N⊕A∗1) with the structure morphism defined by
N⊕A∗1 3 (a, u) 7→ 0 for a 6= 0 and (0, u) 7→ u such that Y ×s1 s = Y . We can
assume A1 is smooth over Fp. Lift A1 to a p-adically complete formally smooth
algebra A over W (Fp) = Zp. Let S := (SpfA,N⊕A∗) be a p-adically log formal
scheme over Spf(Zp,Z∗p) such that the log structure of S is induced by N⊕A∗ 3
(a, u) 7→ 0 for a 6= 0 and (0, u) 7→ u. S has the pd-ideal pOS and it defines the
exact closed immersion s1 ↪→ S. For an affine log formal open subscheme T of
S, let T1 := T ⊗Zp Fp be its reduction. We fix a lift of Frobenius FT : T → T
of T1. Set YT1 := Y ×S1 T1. If t is a closed point of T1, set Yt := YT1 ×T1 t.
In this situation, the canonical inclusion A1 ↪→ k factors OT1 . Let OT → W (kt)
(resp. OT → W (k)) be the composition of the map OT → W (OT1) from [Ill79]
(0.1.3.20) with the natural surjection W (OT1)→W (kt) (resp. the natural inclusion
W (OT1) ↪→W (k)). We consider W (kt) and W (k) as OT -algebra via these maps.
Proposition 8.12. (cf. [Nak05] Proposition 3.2) There exists an affine log formal
open subscheme T of S such that the canonical morphism
Hhlog-crys(YT1/T )⊗OT W (k)→ Hhlog-crys(Y/W (k,N))
is an isomorphism.
Proof. For an affine log formal open subscheme T of S, we find
RΓlog-crys(YT1/Tn)⊗LOTn Wn(k) ' RΓlog-crys(Y/Wn(k,N))
by the base change theorem ([Kat89] (6.10)).
Let (P •, d•) be a strictly perfect complex (Definition 2.7 (2)) which represents
RΓlog-crys(YT1/T ). Then
RΓlog-crys(YT1/Tn)⊗LOTn Wn(k) ' RΓlog-crys(YT1/T )⊗LOT OTn ⊗LOTn Wn(k)
' P • ⊗OT Wn(k).
Since P • ⊗OT Wn(k) satisfies the Mittag-Leffler condition
RΓlog-crys(Y/W (k,N)) = R lim←−
n
RΓlog-crys(Y/Wn(k,N))
' R lim←−
n
(RΓlog-crys(YT1/Tn)⊗LOTn Wn(k))
' R lim←−
n
(P • ⊗OT Wn(k))
' lim←−
n
(P • ⊗OT Wn(k))
' P • ⊗OT W (k).
By [Nak05] Lemma 3.1, we can suppose TorOT1 (L|T ,W (k)) = 0 for L = Hj(P •)
and Im(dj) for any j by shrinking T if necessary. Then we get
Hhlog-crys(YT1/T )⊗OT W (k) = Hh(P •)⊗OT W (k)
= Hh(P • ⊗OT W (k))
= Hhlog-crys(Y/W (k,N)).

Theorem 8.13. ([Nak05] Proposition 3.5, Theorem 3.6) Let Y be a semistable
log scheme over any field of characteristic p > 0 and K be the fraction field of
W (k). The p-adic weight spectral sequence (Theorem 8.9 (2)) degenerates at E2
after tensoring with K.
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Proof. By [Nak05] Corollary 3.4 and Proposition 8.12, there exists an affine log
formal scheme T of S such that for any closed point t ∈ T the canonical morphisms
Hhlog-crys(YT1/T )⊗OT W (kt)→ Hhlog-crys(Yt/W (kt,N)),
Hhlog-crys(YT1/T )⊗OT W (k)→ Hhlog-crys(Y/W (k,N))
are isomorphisms. By Deligne’s remark ([Ill75] (3.10)), we can assume there exists
a finitely generated Zp-module M such that Hhlog-crys(YT1/T ) ' M ⊗Zp OT by
shrinking T if necessary.
By Corollary 3.4 of [Nak05] and Proposition 8.12, there exists isomorphisms
Hhcrys(Y˚
(j)/W (k)) ' Hhcrys(Y˚(j)T1 /T˚ )⊗OT W (k),
Hhcrys(Y˚
(j)
t /W (kt)) ' Hhcrys(Y˚(j)T1 /T˚ )⊗OT W (kt)
for all j and for all closed points t of T by shrinking T if necessary. Set
F−k,h+k :=
⊕
j≥max{−k,0}
Hh−2j−kcrys (Y˚
(2j+k+1)
T1
/T˚ )
and
G−k,h+k := ker(F−k,h+k → F−k+1,h+k)/image(F−k−1,h+k → F−k,h+k),
where the morphisms F−k,h+k → F−k+1,h+k and F−k−1,h+k → F−k,h+k are the
sums of the induced morphisms of closed immersions and Gysin maps as in Propo-
sition 8.11.
By the base change of Gysin maps of crystalline cohomology ([Ber74] VI Theorem
4.3.12) and by [Nak05] Lemma 3.1, we obtain
E−k,h+k2 (Y/W (k,N)) = G
−k,h+k ⊗OT W (k)
E−k,h+k2 (Yt/W (kt,N)) = G
−k,h+k ⊗OT W (kt)
for all k, h by shrinking T if necessary. Using Deligne’s remark, we can assume that
there exists a finitely generated Zp-module M−k,h+k such that M−k,h+k⊗Zp OT '
G−k,h+k. Let Kt be the fraction field of W (kt). We have
dimK(E
−k,h+k
2 (Y/W (k,N))⊗W (k) K) = dimFp(M−k,h+k ⊗Zp Fp)
= dimKt(E
−k,h+k
2 (Yt/W (kt,N))⊗W (kt) Kt),
dimK(H
h
log-crys(Y/W (k,N))⊗W (k) K) = dimFp(M ⊗Zp Fp)
= dimKt(H
h
log-crys(Yt/W (kt,N))⊗W (kt) Kt).
By the purity of the weight of the crystalline cohomology ([CLS98] The´ore`me 1.2),
this theorem is true for Yt/W (kt,N) because t is the spectrum of a finite field. By
the above calculation of dimensions, we see this theorem is true for any field of
characteristic p > 0. 
9. Weight spectral sequence and its degeneration for open smooth
varieties
Let R be a Noetherian Z(p)-algebra in which p is nilpotent. Let X be a proper
smooth scheme over R and D an SNCD on X over R. We consider the log scheme
(X,D) with respect to the Zariski topology. By Theorem 7.2, we have a canonical
isomorphism
Hhlog-crys((X,D)/W (R)) ' HhZar(X,WΛ•(X,D)/R).
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Let D1, . . . , Dd be the irreducible components of X. For a subset J = {α1, . . . , αj}
of [1, d], let DJ be Dα1 ∩ · · · ∩Dαj . We set D(j) by
∐
|J|=j DJ for all nonnegative
number j. Then we can show that the canonical morphism
WΩ•−j
D(j)/R
(−j)→ GrjWΛ•(X,D)/R
is an isomorphism as §8.2. We also call the map GrjWΛ•(X,D)/R
∼−→WΩ•−j
D(j)/R
(−j)
the Poincare´ residue map. Using this, we obtain the following spectral sequence
E−k,h+k1 = H
h−k
crys (D
(k)/W (R))(−k)⇒ Hhlog-crys((X,D)/W (R)),
which we also call the p-adic weight spectral sequence.
Theorem 9.1. When R = k is a field, the p-adic weight spectral sequence degen-
erates at E2 after tensoring with the fraction field of W (k).
Proof. The proof is the same as that of Theorem 8.13 (cf. [Nak05] Theorem 5.2).

10. Overconvergent log de Rham-Witt complex in SNCD case
In this section, we extend the overconvergent de Rham-Witt complex of [DLZ11]
to log schemes associated to schemes with simple normal crossing divisor over a
perfect field. In this section, we work on the Zariski topology when we consider log
structures and log de Rham-Witt complexes (See §8.1).
10.1. Overconvergent log de Rham-Witt complex. Let k be a perfect field of
positive characteristic p and K = W (k)[1/p] its fraction field. Let A = k[T1, . . . , Tn]
be a polynomial ring. We consider the pre-log ring (A,Nd),Nd 3 ei 7→ Ti ∈ A for
d ≤ n. Recall that an element ω of WΛ•
(A,Nd)/k is uniquely written as a convergent
sum (Proposition 4.3)
ω =
∑
k,P
(ξk,P , k,P).
In this section, we only consider the case that J is empty. Therefore we write
(ξk,P , k,P) for (ξk,P,∅, k,P, ∅).
For a positive real number  we define the Gauss norm γ by
γ(ω) := inf
k,P
{ordp ξk,P − |k+|}
where |k+| = (k+)1 + . . . + (k+)n. This is equal to infk,P{ordV ξk,P − |k+|} (see
[DLZ11] (0.3)) because ordp ξ = ordV ξ for ξ ∈W (k).
If γ(ω) > −∞, we say that ω has radius of convergence . We call ω overcon-
vergent if there is an  > 0 such that ω has radius of convergence . We find
γ(ω1 + ω2) ≥ min(γ(ω1), γ(ω2))
and overconvergent elements form a sub differential algebraW †Λ(A,Nd)/k ofWΛ(A,Nd)/k
(cf. [DLZ11] pp. 200).
Proposition 10.1. (cf. [DLZ11] Proposition 0.7, Proposition 0.9)
Let φ : (k[S1, . . . , Sn],Nd)→ (k[T1, . . . , Tm],Nd
′
) be a morphism of pre-log rings
over k. The map
φ∗ : WΛ•(k[S1,...,Sn],Nd)/k →WΛ•(k[T1,...,Tm],Nd′ )/k
induces
φ†∗ : W
†Λ•(k[S1,...,Sn],Nd)/k →W †Λ•(k[T1,...,Tm],Nd′ )/k.
Moreover, φ†∗ is surjective when both k[S1, . . . , Sn] → k[T1, . . . , Tm] and Nd → Nd
′
are surjective.
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Proof. Let ω =
∑
k,P (ξk,P , k,P) be any element of W †Λ•(k[S1,...,Sn],Nd)/k. Since ω
is overconvergent, there are  > 0 and C ∈ R such that ordp ξk,P − |k+| ≥ C for all
k and P. For any subset J of [1, d], we set ωJ :=
∑
k,P,I−∞=J (ξk,P , k,P). Then
we see that ωJ can be written as a form
ωJ =
(∏
i∈J
d logXi
)
·
∑
k′,P′
e(ζJk′,P′ , k
′,P ′).
Here Xi := [Ti], k
′ : [1, n] \ J → Z≥0[1/p] runs over all weights without log poles,
P ′ runs over all partitions of Supp k′, ζJk′,P′ ∈ V
u(k′)
W (k) and e(ζJk′,P′ , k
′,P ′) is
a basic Witt differential (in the sense of [LZ04]). We see that ω =
∑
J⊂[1,d] ωJ
and that all coefficients ζJk′,P′ satisfy ordp ζ
J
k′,P′ − |k′| ≥ C. Hence we obtain
ω¯J :=
∑
k′,P′ e(ζ
J
k′,P′ , k
′,P ′) ∈W †Ω•k[S1,...,Sn]/k.
By [DLZ11] Proposition 0.9, we obtain φ(ω¯J) ∈W †Ω•k[T1,...,Tm]/k. We see that
φ(ωJ) = φ
(∏
i∈J
d logXi
)
φ(ω¯J) ∈W †Λ•(k[T1,...,Tm],Nd′ )/k
because φ(
∏
i∈J d logXi) ∈ W †Λ•(k[T1,...,Tm],Nd′ )/k and W
†Λ•
(k[T1,...,Tm],Nd′ )/k
is a
ring. This shows φ(ω) ∈W †Λ•
(k[T1,...,Tm],Nd′ )/k
.
We prove the last statement. If φ is surjective, we can construct a map
ψ : (k[T1, . . . , Tm],Nd
′
)→ (k[S1, . . . , Sn],Nd)
of pre-log rings such that φ ◦ ψ = id. Then for any η ∈ W †Λ•
(k[S1,...,Sn],Nd)/k, the
element ψ∗(η) belongs to W †Λ•(k[T1,...,Tm],Nd′ )/k and it satisfies φ∗ψ∗(η) = η. 
Let (B,P, α) be a pre-log ring such that B is a finitely generated k-algebra. Then
we can find a commutative diagram
Nd //

A = k[T1, . . . , Tn]

P
α // B,
(3)
where the top morphism is given by ei → Ti and the both vertical morphisms are
surjective. It induces a map between log de Rham-Witt complexes λ : WΛ•
(A,Nd)/k →
WΛ•(B,P )/k.
Definition 10.2. We define W †Λ•(B,P )/k as the image of W
†Λ•
(A,Nd)/k under the
map λ. We call W †Λ•(B,P )/k the overconvergent log de Rham-Witt complex for the
pre-log ring (B,P ) over k.
By Proposition 10.1 (cf. [DLZ11] Definition 1.1), this definition is independent of
the choice of the above diagram (3) and the correspondence (B,P ) 7→W †Λ•(B,P )/k
is functorial. Our definition of the overconvergent log de Rham-Witt complex is an
extension of the overconvergent de Rham-Witt complex of Davis-Langer-Zink, i.e.,
W †Λ•(B,{∗})/k 'W †Ω•B/k.
10.2. Comparison with log Monsky-Washnitzer cohomology. Let k be a
perfect field of char p > 0. We consider a finitely generated, smooth algebra B˜
over Witt ring W (k) and X := Spec B˜. We assume there are (global) coordinates
t˜1, . . . , t˜n of X, i.e., the morphism X → AnW (k) defined by t˜1, . . . , t˜n is e´tale. Let
B = B˜ ⊗W (k) k be the reduction of B˜ to k and t1, . . . , tn be images of t˜1, . . . , t˜n
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in B, and X = SpecB. We denote by D the divisor of X which is defined by the
equation t˜1 · · · t˜d = 0 and D its reduction to X. Let B˜† be the weak completion
of B˜ with respect to (p) ⊂ W (k) (in sense of [MW68] Definition 1.1). Let (B,Nd)
(resp. (B˜,Nd), (B˜†,Nd)) be the pre-log ring defined by ei 7→ ti (resp. ei 7→ t˜i).
Definition 10.3. (cf. [Tsu99] §3) An endomorphism φ of B˜† is called Frobenius
if the following three conditions are satisfied:
(1) φ is compatible with the Frobenius map F on W (k),
(2) Its reduction to B ' B˜†/pB˜† coincides with the absolute Frobenius on B,
(3) φ satisfies the relation φ(t˜i) = t˜
p
i · ui, ui ∈ 1 + pB˜† for 1 ≤ i ≤ d.
By [Chi98] Lemma 3.3.1, there exists a Frobenius endomorphism on B˜† in
this situation. Tsuzuki defined the logarithmic Monsky-Washnitzer cohomology
H∗log-MW((X,D)/K) and proved that it depends only on X and D ([Tsu99] (3.3),
Proposition 3.3.1).
To prove the comparison theorem between the logarithmic overconvergent de
Rham-Witt cohomology and the logarithmic Monsky-Washnitzer cohomology, we
have to extend the overconvergent Witt lift of [DLZ11] §3.
By [DLZ11] Proposition 3.2, the map tφ : B˜
† →W (B) defined in [Ill79] (0.1.3.20)
has the image in W †(B). The map sφ : B˜† → W (B˜†) defined in [Ill79] (0.1.3.16)
maps t˜i to the unique element whose ghost components are (t˜i, φ(t˜i), φ
2(t˜i), . . . ). It
easily follows by induction that φj(t˜i) is written as a form t˜
pj
i ·βi,j where βi,j ∈ B˜†.
Then
(t˜i, φ(t˜i), φ
2(t˜i), . . . ) = (t˜i, t˜
p
i , t˜
p2
i , . . . ) · (1, βi,1, βi,2, . . . ).
Since βi,j+1 = u
pj
i φ(βi,j) and u
pj
i ≡ 1 mod pj , we have βi,j+1 ≡ φ(βi,j) mod pj .
Using [Hes15] Lemma 1.1 with S = {pm;m ≥ 1}, we find there is a unique element
νφ(t˜i) of W (B˜
†) whose ghost components are
(1, βi,1, βi,2, . . . ).
Let λφ(t˜i) ∈W (B) be the image of νφ(t˜i) in W (B) via the projection map.
Take a presentation from a polynomial algebra A˜ = W (k)[T˜1, . . . , T˜N ]→ B˜ such
that T˜i is mapped to t˜i for 1 ≤ i ≤ n and lift the Frobenius φ on B˜† to a Frobenius
F on A˜†.
Following the notation used in [DLZ11] Proposition 3.1, we define a pseudoval-
uation (cf. [DLZ12] Definition 1.4) µ on A˜
† by
µ
∑
k∈NN
ckT˜
k1
1 · · · T˜ kNN
 = inf
k,ck 6=0
{ordp ck − |k|}, ck ∈W (k), |k| = k1 + · · ·+ kN .
and define W †(A˜†) ⊂W (A˜†) by
W †(A˜†) := {(a0, a1, . . . ) ∈W (A˜†) | ∃ > 0,∃C ∈ R,m+µ/pm(am) ≥ C for all m}.
Lemma 10.4. νF (T˜i) ∈W †(A˜†).
Proof. We find µ(T˜i) = − by definition. By the argument of [DLZ11] Proposition
3.1, we have µ/pj (F
j(T˜i)) ≥ −. Let αi,j := wj(νF (T˜i)) ∈ A˜†. Then F j(T˜i) =
T˜ p
j
i ·αi,j and we find µ/pj (F j(T˜i)) = µ/pj (αi,j)−(/pj)·pj = µ/pj (αi,j)−. Hence
we get µ/pj (wj(νF (T˜i))) = µ/pj (αi,j) ≥ 0. By the proof of [DLZ11] Proposition
3.1, it is equivalent to that j+µ/pj (νF (T˜i)) ≥ 0. This means νF (T˜i) ∈W †(A˜†). 
Lemma 10.5. (cf. [DLZ11] Proposition 3.1) The projection map pr : W (A˜†) →
W (A) induces a map W †(A˜†)→W †(A).
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Proof. We define a pseudovaluation µ on A by
µ
∑
k∈NN
ckT
k1
1 · · ·T kNN
 = min
k,ck 6=0
{−|k|}, ck ∈ k, |k| = k1 + · · ·+ kN .
For k : [1, N ]→ Z
[
1
p
]
≥0
and ξ = V
u(k)
η ∈ V u(k)W (k), we set ξXk := V u(k)(ηXpu(k)k).
Any element α = (a0, a1, a2, . . .) of W (A) has a unique expression
α =
∑
k
ξkX
k, k : [1, N ]→ Z
[
1
p
]
≥0
, ξk ∈ V u(k)W (k),
where u(k) is the denominator of k. The Gauss norm γ on W (A) is defined by
γ(α) = inf
k
{ordp ξk − |k|}.
By [DLZ12] Proposition 2.18 and (2.2), γ(α) = infm{m+ µ/pm(am)}. Hence the
projection map pr maps any element of W †(A˜†) to an element of W †(A). 
Lemma 10.6. If (1, a1, a2, . . . ) is in W
†(A˜†), (a1, a2, . . . ) is in W †(A˜†).
Proof. Since (1, a1, a2, . . . ) ∈ W †(A˜†), there exist ′ > 0 and C ′ ∈ R such that
m + µ′/pm(am) ≥ C ′ for all m ≥ 1. By setting  := ′/p and C := C ′ − 1,
we find an inequality (m − 1) + µ/pm−1(am) ≥ C for all m ≥ 1 which shows
(a1, a2, . . . ) ∈W †(A˜†). 
We obtain
W †(A˜†) ∩ (1 + VW (A˜†)) ⊂ 1 + VW †(A˜†).
By this argument and by Lemma 10.4, we have νF (T˜i) ∈ 1 + VW †(A˜†). The
element λF (T˜i) belongs to 1 +
VW †(A) by Lemma 10.5. Using the functoriality,
λφ(t˜i) belongs to 1 +
VW †(B).
As a result, we obtain the following diagram (cf. [Ill79] (1.3.18)):
Nd
(id,λφ) //

Nd⊕(1 + VW †(B))

B˜†
tφ // W †(B),
(4)
where the right vertical arrow is induced by Nd →W †(B); ei 7→ [ti] and the natural
inclusion 1 + VW †(B) ↪→W †(B). One sees tφ(t˜i) = [ti] · λφ(t˜i).
Now we can construct a map from the differential complex with logarithmic poles
Ω•
B˜†/W (k)
(D) := B˜†⊗B˜ Ω•B˜/W (k)(D) = B˜†⊗B˜ Λ•(B˜,Nd)/W (k) defined in [Tsu99] §3 to
the logarithmic overconvergent de Rham-Witt complexW †Ω•B/k(D) := W
†Λ•
(B,Nd)/k:
σ : Ω•
B˜†/W (k)(D)→W †Ω•B/k(D),
which is induced by the diagram (4). We see σ(d log t˜i) = d log[ti] + dλφ(t˜i)/λφ(t˜i)
and σ(dt˜i) = dtφ(t˜i). Note that λφ(t˜i) ∈ 1 + VW †(B) ⊂W †(B)×.
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We define a filtration {Pj} on the de Rham complex and the de Rham-Witt
complex by
Pj(Ω
i
B˜/W (k)
(D)) : = image(Ωj
B˜/W (k)
(D)⊗B˜ Ωi−jB˜/W (k) → Ω
i
B˜/W (k)
(D)),
Pj(Ω
i
B˜†/W (k)(D)) : = image(Ω
j
B˜†/W (k)
(D)⊗B˜† Ωi−jB˜†/W (k) → Ω
i
B˜†/W (k)(D)),
Pj(WΩ
i
B/k(D)) : = image(WΩ
j
B/k(D)⊗W (B) WΩi−jB/k →WΩiB/k(D)),
Pj(W
†ΩiB/k(D)) : = Pj(WΩ
i
B/k(D)) ∩W †ΩiB/k(D).
Since
image(W †ΩjB/k(D)⊗W †(B) W †Ωi−jB/k →W †ΩiB/k(D)) ⊂ Pj(W †ΩiB/k(D)),
σ induces
σ : PjΩ
•
B˜†/W (k)(D)→ PjW †Ω•B/k(D).
The canonical morphism GrjW
†Ω•B/k(D) → GrjWΩ•B/k(D) is injective. For a
subset J = {α1, . . . , αj} of [1, d], put B˜J := B˜/(t˜α1 , . . . , t˜αj ).
Lemma 10.7. There are residue isomorphisms of de Rham complexes:
Res : Grj(Ω
•
B˜/W (k)
(D))→
⊕
|J|=j
Ω•−j
B˜J/W (k)
,
Res : Grj(Ω
•
B˜†/W (k)(D))→
⊕
|J|=j
Ω•−j
B˜†J/W (k)
.
Proof. The first claim is [Del70] II Proposition 3.6. Since B˜ → B˜† is flat ([Mer72]
Proposition 3) and B˜† ⊗B˜ B˜J ' B˜†J , one sees
B˜† ⊗B˜ Grj(Ω•B˜/W (k)(D)) ' Grj(Ω•B˜†/W (k)(D))
and therefore ⊕
|J|=j
Ω•−j
B˜†J/W (k)
' B˜† ⊗B˜
⊕
|J|=j
Ω•−j
B˜J/W (k)

' B˜† ⊗B˜ (Grj(Ω•B˜/W (k)(D))
' Grj(Ω•B˜†/W (k)(D)).

We prove the de Rham-Witt version. Note that we have an isomorphism
Res : GrjWΩ
•
B/k(D) '
⊕
|J|=j
WΩ•−jBJ/k
by a similar proof to that of Lemma 8.4.
Lemma 10.8. Let j be an integer such that 0 ≤ j ≤ d. Let
Nd // A = k[T1, . . . , TN ]
q

Nd // B
be a presentation of the pre-log ring (B,Nd). We denote by φ the natural morphism
WmΩ
•
A/k(D) := WmΛ
•
(A,Nd)/k →WmΩ•B/k(D).
Let ω =
∑
k,P,|I−∞|>j (ξk,P , k,P) be an element of WmΩ•A/k(D).
Then we have φ(ω) = 0 if φ(ω) ∈ PjWmΩ•B/k(D).
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Proof. By Proposition 3.11 (2), we have
kerφ = Wm(I)WmΩ
•
A/k(D) + dWm(I)WmΩ
•−1
A/k(D) ⊂WmΩ•A/k(D)
where I = ker(q : A→ B).
When J = {α1, . . . , αr} is a subset of [1, d], we set
AJ = k[T1, . . . , T̂α1 , . . . , T̂αr , . . . , TN ]
and BJ := B/(tα1 , . . . , tαr ). The map q induces a surjective map qJ : AJ → BJ .
We define IJ := ker qJ .
Let ω =
∑
k,P,|I−∞|>j (ξk,P , k,P) be an element of WmΩ•A/k(D) such that
φ(ω) ∈ PjWmΩ•B/k(D).
By the construction of the (log) basic Witt differentials and Proposition 4.3 and
[LZ04] Proposition 2.17, we obtain an isomorphism
d⊕
r=0
⊕
|J|=r
WmΩ
•
AJ/k
∼−→WmΩ•A/k(D).
We see ω is uniquely written as the sum
∑
|J|>j d logXJ ·ωJ where ωJ ∈WmΩ•AJ/k
via this isomorphism. For 0 ≤ s ≤ d, we set ωs :=
∑
|J|=s d logXJ · ωJ .
Let r be an integer such that j + 1 ≤ r ≤ d and ωr+1 = ωr+2 = · · · = ωd = 0. It
follows that ω = ωj+1 + · · ·+ ωr and ω ∈ PrWmΩ•A/k(D).
We have the following commutative diagram:
GrrWmΩ
•
A/k(D)
φr //
∼ Res

GrrWmΩ
•
B/k(D)
∼ Res
⊕
|J|=rWmΩ
•
AJ/k
⊕
|J|=r φJ//⊕|J|=rWmΩ•BJ/k.
Here φr is the induced morphism of φ. We have φr(ω) = 0 because φ(ω) ∈
PjWmΩ
•
B/k(D) and r ≥ j + 1. The image of ω is mapped to
(ωJ)|J|=r ∈
⊕
|J|=r
WmΩ
•
AJ/k
by the residue isomorphism.
For any J satisfying |J | = r, we obtain φJ(ωJ) = 0. By [LZ05], kerφJ is equal
to
Wm(IJ)WmΩ
•
AJ/k
+ dWm(IJ)WmΩ
•−1
AJ/k
⊂WmΩ•AJ/k.
We have IJ = AJ∩I via the canonical inclusion AJ ⊂ A. Then we see d logXJ ·ωJ ∈
WmΩ
•
A/k(D) belongs to
kerφ = Wm(I)WmΩ
•
A/k(D) + dWm(I)WmΩ
•−1
A/k(D) ⊂WmΩ•A/k(D).
It shows φ(ωr) =
∑
|J|=r φ(d logXJ · ωJ) = 0. If we consider ω′ := ω − ωr instead
of ω, we find that ω′ has an expression of the form
∑
k,P,|I−∞|>j (ξk,P , k,P) and
that φ(ω′) ∈ PjWmΩ•B/k(D). It is clear that ω′r = ω′r+1 = · · · = ω′d = 0.
By descending induction on r, we find ω is a sum of elements of kerφ. 
Lemma 10.9. The residue isomorphism Res induces the residue isomorphism of
overconvergent de Rham-Witt complexes:
Res : GrjW
†Ω•B/k(D)→
⊕
|J|=j
W †Ω•−jBJ/k.
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Proof. Take a presentation
Nd // A = k[T1, . . . , TN ]
q

Nd // B
and consider the following commutative diagram:
GrjW
†Ω•B/k(D)
⊂ // GrjWΩ•B/k(D)
Res
∼ //
⊕
|J|=jWΩ
•−j
BJ/k
GrjW
†Ω•A/k(D)
⊂ //
OO
GrjWΩ
•
A/k(D)
Res
∼ //
OO
⊕
|J|=jWΩ
•−j
AJ/k
.
OO
We prove that the map GrjW
†Ω•A/k(D)→ GrjW †Ω•B/k(D) is surjective. It suffices
to show that the map PjW
†Ω•A/k(D)→ PjW †Ω•B/k(D) induced by q : WΩ•A/k(D)→
WΩ•B/k(D) is surjective.
Let ω¯ ∈ PjW †Ω•B/k(D). Since W †Ω•A/k(D) → W †Ω•B/k(D) is surjective, there
exists an element ω =
∑
k,P (ξk,P , k,P) ∈ W †Ω•A/k(D) such that q(ω) = ω¯. Set
ω1 =
∑
k,P,|I−∞|≤j (ξk,P , k,P) and ω2 =
∑
k,P,|I−∞|>j (ξk,P , k,P). Then we see
ω1 ∈ PjW †Ω•A/k(D) and ω = ω1 +ω2. By Lemma 10.8, we get q(ω2) = 0. Hence we
have q(ω1) = q(ω) = ω¯. This implies PjW
†Ω•A/k(D)→ PjW †Ω•B/k(D) is surjective.
Thus, we can assume B is a polynomial ring A = k[T1, . . . , TN ].
In this case, the elements ω of GrjWΩ
•
A/k(D) is in GrjW
†Ω•A/k(D) if and only
if it can be written as a overconvergent sum of log basic Witt differentials (ξ, k,P)
such that |I∞| = j. Hence
Res : GrjWΩ
•
A/k(D) '
⊕
|J|=j
WΩ•−jAJ/k
induces an isomorphism
Res : GrjW
†Ω•A/k(D) '
⊕
|J|=j
W †Ω•−jAJ/k.

Theorem 10.10. Let τ = 4dblogp dimBc. Then the kernel and cokernel of the
homomorphism
σ∗ : Hi(Ω•B˜†/W (k)(D))→ Hi(W †Ω•B/k(D))
induced by σ are annihilated by pτ . In particular, σ∗ is an isomorphism if dimB <
p.
There is a rational isomorphism
H∗log-MW((X,D)/K) ' H∗(W †Ω•B/k(D)⊗W (k) K)
between log Monsky-Washnitzer cohomology and logarithmic overconvergent de Rham-
Witt cohomology.
Proof. Consider the following commutative diagram:
Grj(Ω
•
B˜†/W (k)
(D))
Res∼

// Grj(W †Ω•B/k(D))
Res∼
⊕
|J|=j Ω
•−j
B˜†J/W (k)
//⊕|J|=jW †Ω•−jBJ/k.
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Let κ := blogp dimBc. By [DLZ11] Proposition 3.24, the kernel and cokernel of
Hi(Ω•
B˜†J/W (k)
)→ Hi(W †Ω•BJ/k)
are annihilated by p2κ(J) where κ(J) = blogp dimBJc. Thus the kernel and cokernel
of
Hi(Grj(Ω
•
B˜†/W (k)(D)))→ Hi(Grj(W †Ω•B/k(D)))
are annihilated by p2κ. Consider the following exact sequences:
0 // Pj−1Ω•B˜†/W (k)(D) //

PjΩ
•
B˜†/W (k)
(D) //

GrjΩ
•
B˜†/W (k)
(D) //

0
0 // Pj−1W †Ω•B/k(D) // PjW
†Ω•B/k(D) // GrjW
†Ω•B/k(D) // 0.
It induces a long exact sequences of cohomology of chain complexes:
// Hr(Pj−1Ω•B˜†/W (k)(D)) //

Hr(PjΩ
•
B˜†/W (k)
(D)) //

Hr(GrjΩ
•
B˜†/W (k)
(D)) //

// Hr(Pj−1W †Ω•B/k(D)) // H
r(PjW
†Ω•B/k(D)) // H
r(GrjW
†Ω•B/k(D)) // .
By diagram chase and induction, we find that the kernel and cokernel of
Hr(PjΩ
•
B˜†/W (k)(D))→ Hr(PjW †Ω•B/k(D))
are annihilated by pα(j) where α(j) = 4jblogp dimBc. Since PdΩ•B˜†/W (k)(D) =
Ω•
B˜†/W (k)
(D) and PdW †Ω•B/k(D) = W †Ω•B/k(D), we get the claim. 
Proposition 10.11. Let C := B
[
1
t1 · · · td
]
and Y := SpecC. Let
θ : WΩ•B/k(D)→WΩ•C/k, d log[ti] 7→
[t1 · · · t̂i · · · td]
[t1 · · · td] d[ti]
be the canonical morphism induced by the universal property of WΩ•B/k(D). Then:
(1) θ induces a morphism
θ† : W †Ω•B/k(D)→W †Ω•C/k.
(2) θ† induces an isomorphism of cohomology groups
θ† : H∗(W †Ω•B/k(D)⊗W (k) K)→ H∗(W †Ω•C/k ⊗W (k) K).
Proof. (1) Choose a presentation
Nd // k[T1, . . . , TN ]
λ

Nd // B.
Then we have a presentation λ′ : k[T1, . . . , TN , S] → C induced by λ and S 7→
1/(t1 · · · td). We obtain two surjective morphisms
τ : WΛ•(k[T1,...,TN ],Nd)/k →WΩ•B/k(D),
τ ′ : WΩ•k[T1,...,TN ,S]/k →WΩ•C/k.
Let ω be any element ofW †Λ•
(k[T1,...,TN ],Nd)/k. Then as in the proof of Proposition
10.1, ω can be written as ω =
∑
J⊂[1,d](
∏
i∈J d logXi)ω¯J where ω¯J ∈W †Ω•(k[T1,...,TN ])/k.
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We set
ω˜ :=
∑
J⊂[1,d]
((∏
i∈J
(Y ·X1 · · · X̂i · · ·Xd · dXi)
)
· ω¯J
)
∈WΩ•k[T1,...,TN ,S]/k
where Y = [S]. It is easy to see that θ(τ(ω)) = τ ′(ω˜).
One finds ω˜ ∈W †Ω•k[T1,...,TN ,S]/k because we have∏
i∈J
(Y ·X1 · · · X̂i · · ·Xd · dXi) ∈W †Ω•k[T1,...,TN ,S]/k, ω¯J ∈W †Ω•k[T1,...,TN ]/k
and W †Ω•k[T1,...,TN ,S]/k is a ring. Therefore θ induces a morphism
θ† : W †Ω•B/k(D)→W †Ω•C/k.
(2) A Frobenius map (in the sence of Definition 10.3) on B˜ induces a Frobenius
map on C˜ := B˜
[
1/(t˜1 · · · t˜d)
]
. Hence we have a commutative diagram
Ω•
B˜†/W (k)
(D) //

WΩ•B/k(D)

Ω•
C˜†/W (k)
// WΩ•C/k.
By (1), it induces the following commutative diagram
Ω•
B˜†/W (k)
(D) //

W †Ω•B/k(D)

Ω•
C˜†/W (k)
// W †Ω•C/k.
Tensoring with K and taking cohomology, we obtain the following commutative
diagram
H∗log-MW((X,D)/K) //

H∗(W †Ω•B/k(D)⊗W (k) K)

H∗MW(Y/K) // H
∗(W †Ω•C/k ⊗W (k) K).
The horizontal arrows and the left vertical arrow are isomorphisms by Theorem
10.10 and [DLZ11] Corollary 3.25 and [Tsu99] Theorem 3.5.1. Hence the right
vertical arrow is also an isomorphism. 
10.3. Sheaf of overconvergent log de Rham-Witt complex. In this subsec-
tion, we define the Zariski sheaf of overconvergent log de Rham-Witt complexes for
smooth schemes with simple normal crossing divisor.
Proposition 10.12. (cf. [DLZ11] Proposition 1.2)
Let X = SpecB be a smooth affine scheme and D a simple normal crossing
divisor on X. We assume that there is a global chart α : Nd →M(X,D). Then we
have a pre-log structure
β = βα : Nd
α−→M(X,D)(X)→ OX(X) = B
of B. Let D1, . . . , Dd be the irreducible components of D. We also assume that there
is an e´tale morphism X
w−→ Ank = Spec k[T1, . . . , Tn] such that w(Ti) = β(ei) =:
ti ∈ B and that Di is defined by ti = 0 for 1 ≤ i ≤ d. We fix a nonnegative integer
r.
60 HIRONORI MATSUUE
(1) We denote by f ∈ B an arbitrary element. Then β induces a pre-log structure
βf : Nd
β−→ B → Bf of Bf . The presheaf
D(f) 7→W †Λr(Bf ,Nd)/k
defines a sheaf on the Zariski topology on X. We denote by W †Λ(X,D)/k,α this
sheaf.
(2) The Zariski sheaf W †Λr(X,D)/k,α is independent of the choice of charts α. We
denote by W †Λr(X,D)/k this Zariski sheaf.
(3) The Zariski cohomology of the sheaf W †Λr(X,D)/k vanishes in degree j > 0,
i.e.,
HjZar(X,W
†Λr(X,D)/k) = 0.
Proof. Let {fi}li=1 be a finite family of elements of B such that fi generate B as an
ideal. For 1 ≤ i1 < · · · < is ≤ l, we denote by Ui1,...,is the intersection D(fi1)∩· · ·∩
D(fis). For simplicity, we set Bi1···is := Bfi1 ···fis . We define a Cˇech complex C
• =
C•((X,D), α) by C0 := W †Λr
(B,Nd)/k and C
s :=
⊕
1≤i1<···<is≤lW
†Λr
(Bi1···is ,Nd)/k
.
for s ≥ 1. Then we see the filtration {Pj}j which we introduced in §10.2 induces a
filtration on C•:
PjC
s =
⊕
1≤i1<···<is≤l
PjW
†Λr(Bi1···is ,Nd)/k.
Set GrjC
• := PjC•/Pj−1C•. Then one has an exact sequence of complexes
0→ Pj−1C• → PjC• → GrjC• → 0.
By the Poincare´ residue map, one obtains a commutative diagram⊕
1≤i1<···<is−1≤l
⊕
|J|=jW
†Ωr−jBi1···is−1J/k
Res−1
∼ //

GrjC
s−1
⊕
1≤i1<···<is≤l
⊕
|J|=jW
†Ωr−jBi1···isJ/k
Res−1
∼ // GrjC
s.
Here Bi1···isJ denotes Bfi1 ···fis /(tα1 , . . . , tαj ) of B for J = {α1, . . . , αj} ⊂ [1, d].
We see that⊕
1≤i1<···<is≤l
⊕
|J|=j
W †Ωr−jBi1···isJ/k '
⊕
|J|=j
C˜j(SpecBJ ,W
†Ωr−jBJ/k),
where C˜•(SpecBJ ,W †Ω
r−j
BJ/k
) is the Cˇech complex with degree s elements given by
C˜s(SpecBJ ,W
†Ωr−jBJ/k) =
⊕
1≤i1<···<is≤l
W †Ωr−jBi1···isJ/k.
Hence the Poincare´ residue map induces an isomorphism
Res : GrjC
s ∼−→
⊕
|J|=j
C˜s(SpecBJ ,W
†Ωr−jBJ/k).
The boundary morphism of GrjC
• is identified to the direct sum of boundary
morphisms of {C˜•(SpecBJ ,W †Ωr−jBJ/k)}|J|=j . It follows that GrjC• is exact by
[DLZ11] Proposition 1.6. We find PjC
• is exact by induction for all j. As PdC• =
C•, we get (1).
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We prove (2). Let α′ : Nd →M(X,D) be another chart. We have an isomorphism
WΛ•
(B,Nd,βα)/k ' WΛ•(B,Nd,βα′ )/k by Proposition-Definition 3.10. Let t
′
i := βα′(ei).
We set B′J := B/(t
′
α1 · · · t′αj ) for J = {α1, . . . , αj} ⊂ [1, d]. Since BJ ' B′J , we see
W †Ωr−jBi1···isJ/k 'W
†Ωr−jBi′1···i′sJ/k
for all 1 ≤ i1 < · · · < is ≤ l. Hence we obtain an isomorphism GrjC•((X,D), α) '
GrjC
•((X,D), α′). Using the exact sequence and induction, we see that
C•((X,D), α) ' C•((X,D), α′).
This shows (2).
(3) is deduced from the exactness of the Cˇech complex and Cartan’s criterion
([God58], The´ore`me 5.9.2), which allows us to compute the Zariski cohomology of
the sheaf of abelian groups W †Λr(X,D)/k via Cˇech cohomology in our situation. 
Definition 10.13. Let X be a smooth scheme over k and D be a simple normal
crossing divisor on X. Then for any point x of X, there is an affine neighbourhood
U of x in X such that the log scheme (U,D|U ) admits a chart of the form Nd →
M(U,D|U ) for some d (cf. [Kat89], §8.1) and that there is an e´tale morphism U → Ank
for some n.
By Proposition 10.12, the Zariski sheaves W †Λr(U,D|U )/k glues together to give a
Zariski sheaf W †Λr(X,D)/k.
We call W †Λ•(X,D)/k the sheaf of overconvergent log de Rham-Witt complexes.
10.4. Comparison with rigid cohomology. We generalize our results to global
cases. Let X be a smooth quasi-projective variety over a perfect field k and D an
SNCD of X over k. Let j : Y := X \ D ↪→ X be the canonical open immersion.
We have the overconvergent de Rham-Witt complex W †Ω•Y/k for a smooth variety
Y ([DLZ11] §1), and the overconvergent log de Rham-Witt complex W †Λ•(X,D)/k
for a smooth variety with SNCD. The canonical morphism WΛ•(X,D)/k → j∗WΩ•Y/k
induces the map W †Λ•(X,D)/k → j∗W †Ω•Y/k. Davis-Langer-Zink defined a map from
the rigid cohomology to the overconvergent de Rham-Witt cohomology
RΓrig(Y/K)→ RΓZar(Y,W †Ω•Y/k)⊗K
and showed this is a quasi-isomorphism when Y is smooth and quasi-projective over
k ([DLZ11] Theorem 4.40).
Lemma 10.14. We have a canonical morphism
RΓZar(X,W †Λ•(X,D)/k)→ RΓZar(Y,W †Ω•Y/k).
Proof. Take a quasi-isomorphism W †Ω•Y/k → I• to a complex of injective abelian
sheaves on Y . Applying j∗, we have a natural map j∗W †Ω•Y/k → Rj∗W †Ω•Y/k. The
morphism we want is the composition
τ : RΓZar(X,W †Λ•(X,D)/k)→ RΓZar(X, j∗W †Ω•Y/k)
→ RΓZar(X,Rj∗W †Ω•Y/k)
' RΓZar(Y,W †Ω•Y/k).

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By this lemma we have a diagram
RΓZar(X,W †Λ•(X,D)/k)⊗K

RΓrig(Y/K) // RΓZar(Y,W †Ω•Y/k)⊗K.
We show that the vertical arrow is a quasi-isomorphism. Take an open covering
{Xi}i∈I of X by affine schemes Xi = SpecAi which satisfy the following condition:
There is an e´tale morphism Xi → Arik and Di := Xi ∩D is defined by t1 · · · ts = 0
for some s ≤ ri, where tj is the image of Ti of Arik in Ai. Ai has a smooth lifting
A˜i over W (k) which has an e´tale morphism X˜i = Spec A˜i → AriW (k) such that D˜i
defined by t1, . . . , ts is a lifting of D
i.
For a subset i ⊂ I we set Xi := ⋂j∈iXi, Di := Xi ∩ D,Y i := Xi \ Di. Since
X is quasi-projective, each Xi is a smooth quasi-projective affine scheme and it
satisfies the condition indicated above. We form a simplicial scheme X• by Xn :=
X ′ ×X . . . ×X X ′ (n-times), where X ′ := unionsqi∈IXi. The simplicial scheme Y • is
defined in the similar fashion.
Consider the following commutative diagram of simplicial schemes:
Y •
θY //
j•

Y
j

X•
θX // X.
This diagram induces the following diagram:
W †Λ•(X,D)/k ⊗K
∼ //

RθX∗(W †Λ•(X•,D•)/k)⊗K

j∗(W †Ω•Y/k)⊗K

RθX∗((j•)∗W †Ω•Y •/k)⊗K

Rj∗(W †Ω•Y/k)⊗K
∼ // Rj∗(RθY ∗W †Ω•Y •/k)⊗K
∼ // RθX∗(R(j•)∗W †Ω•Y •/k)⊗K.
By Proposition 10.11, we see
RθX∗(W †Λ•(X•,D•)/k)⊗K → RθX∗((j•)∗W †Ω•Y •/k)⊗K
is an isomorphism.
Since Y • is an affine simplicial scheme, we conclude Rq(j•)∗W †Ω•Y •/k = 0 for all
q > 0 and all r. Hence we have (j•)∗W †Ω•Y •/k ' R(j•)∗W †Ω•Y •/k.
Hence we find the morphism
W †Λ•(X,D)/k ⊗K → Rj∗(W †Ω•Y/k)⊗K
is a quasi-isomorphism. Therefore, we get the following comparison theorem.
Theorem 10.15. Let X be a smooth quasi-projective variety over a perfect field k
and D be a simple normal crossing divisor of X. Then we have an isomorphism
H∗rig(Y/K) ' H∗Zar(X,W †Λ•(X,D)/k ⊗W (k) K).
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